QUANTUM MECHANICS B PHY413 Problems for Exercise Class

QUESTION 1: Find the energy eigenfunctions ¢ g(z) for a free particle of mass m moving on a circle of circum-
ference L. It is useful to think of the circle as the real line x with periodic identification of points x ~ z + L; what
boundary condition does this imply for the wavefunction? Hence, what are the allowed values of £7 Comment on
the limit . — co. How does the spacing between energy eigenvalues depend on the size of the circle L?

QUESTION 2: Which of the following 1D (wave) functions are normalisable?

W = e‘mz, Py = e with i = —1 and p real, Y3 = |z| /4, Yy = 1/(1 + ).
Sometimes you need to plot the wavefunction to see if it diverges for a finite values of « and investigate the integral
more closely there.
Comment: 3 is an example of a function that does not vanish rapidly enough as  — 400, so vanishing of the wave
function as x — +00 is a necessary but not sufficient condition. Assuming that the wave function is approximately
1 ~x7% as xr — 400 find a lower bound for a such that 1 is normalisable at x — oo.

QUESTION 3: Which of the following operators are linear?

AV (z) = [U(2)]2, BY(z) = 2?4 (z), CU(z) = sin(V(x)), DU(z) = jf,l:ox da’ U (a").

QUESTION 4: A particle is trapped in the escape-proof box (see lecture notes set 1) with potential V' = 0 for

—L/2 < 2 < L/2 and V = oo otherwise. The normalised energy eigenstates are ¢,,(z) = 1/ cos(nmz/L) for
n=1,3,5,... and ¢ () = /% sin(nmz/L) for n = 2,4,6,.... Let (4), be the expectation value of any operator

A in the state ¥, (z). Find (z), using symmetry considerations. Show that
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Restrict yourself to the case of odd n odd and you may use the formula

2,2
d =
B cos(ax)*z dx 203

/b 4a®b + (6a?b* — 3) sin(2ab) + 6ab cos(2ab)

Furthermore, show that the classical result is recovered in the limit of large quantum number n — co. (Hint: a
classical particle bounces back and forth and is equally likely to be anywhere in the box).

QUESTION 5: Commutator Yoga. Recall the definition of the operator for position & = z and momentum

p = —ihd/dz in one dimension. Calculate the following commutators:
L. [z%p]
2. [22,p?]

3. [T, xp) with T' = p2/(2m)
4. [V(z),zp] with V(z) = ka™

You may calculate these commutators by directly acting with the operators on an arbitrary wavefunction
(yawn) or you use the fundamental commutation relation [z, p|] = if and the Leibniz rules for operators [A, B
[A, B]C + B[A,C] and [AB,C] = A[B,C] + [4, C]B (nifty method).
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QUESTION 6: A particle of mass m moves in one dimension subject to the potential V' = %mwsz (simple

harmonic oscillator). Express the expectation value of the energy in terms of (x), (p), Az and Ap. Using the
uncertainty relation for momentum and position show that (E) > hw/2.



