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SECTION A: Answer ALL questions in this section

Al.

Consider a system of n particles of masses m;, i = 1,...,n which are subject to external and
internal forces; let F,(-e) be the external force acting on particle 7, and F;; the internal force due
to particle 7 on particle j.

(i) Write the Newton equations for the system of particles. [2]

(ii) Show that the total momentum P := 3" ; p; is conserved if the sum of all external forces
is zero, 3%, F,(-e) = 0, and the weak form of the action and reaction principle holds (the weak

form of the action and reaction principle states that F;; = —Fj;). [4]
(iii) Define what is the coordinate R of the centre of mass of the system of particles. 2]
(iv) Show that the total angular momentum of the system about the origin L := Y% ; L; can
be rewritten as L = R x P+ Y%, I/;, where P is the total momentum and L =1y xp;is
the relative angular momentum of particle 4, with r'; := r; — R and p’; := m;r’;. (5]
A2.

Consider a single particle of mass m moving in one dimension parametrised by the coordinate
z. The particle is subject to a conservative force whose potential is V' (z).

(i) Write down the Lagrangian of the system, L, and state Hamilton’s principle of least action.

[2]

(ii) Write down the Lagrange equations for the system, and use them to show that, if V(z) = 0,
then the momentum of the particle is a conserved quantity. In the case V(z) = 0, say what

is the symmetry that guarantees that momentum is conserved, as a consequence of Noether’s
theorem. [5]

(iii) Consider the energy E(z,%) := (1/2)mi? + V(z). Calculate explicitly the time derivative
E(z, &) of the energy, showing that it vanishes upon using the Lagrange equations. [4]

(iv) Consider two Lagrangians, L and L, differing by the time derivative of a generic function
F := F(q,t) of the generalised coordinate ¢ and of time; that is, L(g,q) := L(q,q) + dF/dt.
Using Hamilton’s principle of least action, explain why L and L give rise to the same equations
of motion. (3]
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A3.

Consider the motion of two particles of masses m; and m, in three-dimensional space, subject
to a central potential V = V/(r), where 7 := |r; — rs, and ry, Ty are the position vectors of the
two particles in an inertial reference frame, respectively.

(i) Write the Lagrangian of the system L(r,r, 1, T2). [2]
(ii) Write the Lagrange equations. [3]
(iii) Explain why we say that the V(r) is a central potential. [3]

(iv) Introduce the centre of mass coordinate R and the relative coordinate r := ry — r1. Show
that the Lagrangian of the system in terms of the generalised coordinates R, r and their time
derivatives R and  is equal t0 Lytar = Lgree(R, R) + L(r, ), where Lgee = (1/2)(my + mg)R2,
and L(r, 1) = (1/2)ut® — V(r), where y := myms/(mg + my) is the reduced mass. [5]

Page 3 Please turn to the next page




SECTION B: Answer ONLY TWO QUESTIONS from this section

B1.

(i) State Noether’s theorem for a Lagrangian system described by a set of generalised coordi-
nates q. (4]

(ii) Prove that the expression for the conserved quantity 6Z for a system described by a La-
grangian L(q, q) that is exactly invariant (6L = 0) under a transformation dq of the generalised

coordinates is given by

oL

(as usual, a dot between two vectors stands for the scalar product). [10]

(iii) Consider the Lagrangian
L = -;—m(:i:2 + 9+ - V(y,2) .

What are the conserved quantities, and what the symmetries responsible for their conservation?

[7]

(iv) Consider the Lagrangian of a particle moving in three dimensions written in terms of
cylindrical coordinates (p, ¢, 2),

L= -;-m(b2+p2<i62+22) - V(4,2) .

The potential V' does not depend on p. Furthermore, the dependence on ¢ and z in V occurs
only through the combination h@+ z, where h is a constant number with dimensions of a length.
In other words, we assume that

Vig,z) = f(h¢+2),

where f is an arbitrary function.
Check that any transformation for which §z = —hd¢, §p = 0, is a symmetry of the system,
and show that the associated conserved quantity Z is given by

T = hp.—L,,

where p, and L, are the momenta associated to z and @, respectively. [9]
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B2.

A simple pendulum of mass m and length [ is constrained to move in a vertical plane. The
point of suspension has a mass M and can move along a horizontal axis. Gravity acts as usual
along the vertical direction.

(i) How many degrees of freedom does the system have? [3]

(ii) Write the Lagrangian of the system in terms of an appropriate set of generalised coordinates.
[10]

(iii) Let = be the coordinate parametrising the position of the suspension point along the
horizontal axis. Show that the coordinate z is cyclic, and calculate the momentum associated
to . [4]

(iv) What is the symmetry responsible for the conservation of the momentum associated to z?

[3]

(v) Find the frequency of small oscillations of the pendulum around the equilibrium position
6 = 0 (the angle @ is defined in the figure). [10]

Y
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B3.

(i) Consider a rigid body which is free to oscillate about a fixed point O’. Show that the
angular momentum Lo/ about the fixed point and the angular velocity vector w are related by
the equation Lo = Ipw, where 1o is the inertia tensor. [8]

(ii) Calculate the inertia tensor of a linear rigid rod of mass m and length [ with respect to
an origin at one of the two ends of the rod (you could orient the rod along the z-axis, with
the origin at one of the two ends of the rod). Assume that the width of the rod is negligible
compared to the length, so that you can effectively treat it as one-dimensional. The density of
the rod is constant. [8]

(iii) The rod is free to oscillate in a vertical plane about a fixed axis orthogonal to this plane.
The axis intersects the plane at O’, which coincides with the position of one of the two extrema
of the rod (see figure). Gravity acts along the vertical direction. Find the Lagrangian of the
system. [10]

(iv) Determine the frequency of small oscillation of the system about the equilibrium position
6 = 0 (the angle 0 is defined in the figure). [4]
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B4.

(i) Define the Hamiltonian H(p, q) of a mechanical system and explain how it is derived from
the Lagrangian of the system L(q, q). (5]

(ii) Derive the Hamilton equations for H(p, q). [5]

(iii) Let A be a generic function of p, q, A = A(p,q) (we assume that A does not depend
explicitly on time, but only implicitly through p and q). Using the Hamilton equations, show
that the time derivative of A is

(as usual, a dot between two vectors stands for the scalar product). [5]
(iv) Consider the motion of a particle of mass m on a plane, subject to the central potential
V = V(r). Write the Lagrangian of the system in plane polar coordinates (r, ¢), and derive the
corresponding Hamiltonian. [5]

(v) Using the result of (iii) above, show that ps = 0 (p, is the momentum associated to ¢). [5]

(vi) Show that ps = L, i.e. py is the angular momentum of the particle about the origin. What
is the symmetry responsible for its conservation? [5]

End of Examination Paper Dr G Travaglini

© Queen Mary, University of London 2007 Page 7




