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Question 1

a. Consider a slab of dielectric placed in an external static electric field. The electric
dipole moment of the bound charges can be represented macroscopically by a po-
larization vector P. What does P represent? How is P related to the density of the
bound charges py. [2]

b. Now suppose you switch on a uniform and static magnetic field. What does the
magnetization vector M represent? How is it related to the current of bound charges
in the dielectric? [2]

c. Use the relation between P and p, and the relation between M and J, that you
wrote in parts a. and b. respectively to show that in the case of stationary electric
and magnetic fields the Gauss and Ampére laws read:

V -D(x) = p(X) free and V x H = J(X) free,
where, for a linear and isotropic media, D = ¢E + P and H = /% — M. [3]

d. Describe how the configuration of charges and fields in the matter changes, with
respect to the electrostatic and magnetostatic cases, when we place the dielectric
in time varying electric and magnetic fields. Show that in this case the Maxwell
equations in the matter and in the presence of sources are:

0B oD
-B=0 E=—-—— ‘D= rees H=Jpe + —
\Y , V x TR \Y P V x ¥ +8t

[5]

e. Consider a region of space V' bounded by a closed surface S, and also let C' be a
closed contour in space with an open surface S’ spanning the contour. Explaining
the notation used, integrate over these region the Maxwell equations in the matter,
and rewrite them as:

/D~dS:/pdV /H-d1:/<J+a—D>-dS/
S 1% C ' 8t

/B-dSzO /E-dl:— a—B-dS/
S C S/ at

f. Consider two regions, labelled by i = 1,2, containing different linear media, which
meet at an infinite two-dimensional boundary, with unit normal n to the boundary.
Let E;, B;, D;, H; for i = 1,2 label the electromagnetic fields in the two regions.
Using a suitable small, shallow cylinder, straddling the boundary between the two
regions, with surface charge density o, derive the boundary conditions

(Dg—Dl)'fl:O', (Bg—Bl)leO

[4]

from two of the integral equations above.
Now considering a suitable small rectangle straddling the boundary, with current
density K on the surface of the rectangle, derive the further boundary conditions

le(Hg—Hl):K le(Eg—El):O
[6]
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Question 2
In the Lorentz gauge, the equation for the vector potential is:

OA(x,t) = —ped (x,1). (1)

a. Integrate the equation (1) with fj;o e™!dt to obtain the Fourier transformed equa-
tion
(V> + k) Alx,w) = —pod (x,w)

What is the relation between k and w? [3]

b. Suppose that there exists a Green function G (x,x’) satisfying
(V? +§°) Gi(x,x') = —476®) (x — ¥').

Write an integral representation for A(x,w) in terms of the Gp(x,x’) and of the
current density J(x,w) and show that this satisfies (1). [3]

c. Explain why you can assume that G (x, x) is function only of the distance r = |x — x/|
and, using polar spherical coordinates and considering the cases r # 0 and r — 0

separately, show that an expression for G(r) is given by the following combination
etikr .

of the two particular solutions G,(fi) (r) ==

ikr —ikr
e’ e
+ B

r r

with A+B=1

Gk(T) =A
[7]

d. The time-dependent Green functions obtained from G,(ci)(r) are:

GH(x,t:x' 1) = — dw.

o

1 /+OO 6:|:ik\x—x’\—iw(t—t’)

—00 |X_X,|

Introduce a suitable definition of A(x,t) in terms of G™*)(x,t;x’,#') and use this
expression to write the retarded and advanced vector potentials, and explain their
physical significance. (7]
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Question 3

a. In the derivation of scattering of sunlight from air molecules the equation relating
the electric displacement field D(x) to the scatterer s(x)

(V? + k%) D(x) = s(x)

has solution

D(x) =D o 2
() = Dufo) = - [ T ——sly) )
where Dy is a solution of the associated homogeneous equation and k is the wave
number of a plane wave propagating along the direction k = kn. Explain the

derivation of the solution (2) using the retarded Green function G](:)(|x —y|) =
etklx—y|

Ix—yl
of the scatterer, you can expand |x—y| in powers of @ to get the simplified solution:

. Show that in the far zone, where r >> d, where d are the linear dimensions

ikr

D(x) = Dy(x) — <

[ e siy). 3)

4r
[7]
b. Neglecting the magnetization effects, one can write s(x) = =V x V x P, where P
is the polarization vector. Explain how the Born approximation leads to
P(x) = de.(x) Dyége™™0
for an incident wave Dy = Dyépe’*™* where de,(x) = %j‘) is the relative deviation
of the electric permittivity from the empty space value €. (7]

c. Deduce that in the Born approximation and in the far zone the scattered part of
the displacement field in (3) takes the form

DO 6ikr /{?2
r 4

/ d*ye' Y h x h X & de,(x)

[6]
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Question 4
Consider the Maxwell equations in a vacuum with sources:
0B

p OE
V -B O, V X E + . O, V- E 60’ V x B Ho€o ; + ,qu ( )

a. Show that expressing the electric and magnetic field in term of a scalar and a vector
potential ¢ and A as

E:—VCZS—E and B:VXA

the two homogeneous Maxwell equations in (4) are automatically solved and that
the two inhomogeneous ones reduce to:

9 p
v? —V-A=—— 5
O+ 5 - (52)
1 0?A 1 0¢
VPA—=—— -V (V- A+ 55— ) =] 5b
c? ot? < * c? 8t) Ho (5b)
[4]
b. Show that the electric and magnetic fields are unchanged if we perform the following
gauge transformations on the potentials:
Ix
- = 6
T . (62)
A — A+ Vy, (6b)
where x(x,t) is any scalar function of x and ¢. [4]
c. Define the Lorentz gauge fixing condition, and rewrite the Maxwell equations (5) in
this gauge. Use this result to explain why the Lorentz gauge is also called radiation
gauge. [4]
d. Consider the Lorentz covariant notation and rewrite the Maxwell equations in (5)
in term of the four-potential A* = (%, A).
Rewrite the gauge transformations (6) in terms of A¥.
How does the Lorentz gauge condition read in this case? [4]
e. The Maxwell equations in terms of the electromagnetic Field Strength are:
a“F“V = Mojy and 8;LF1/>\ + 8VF)\“ + a)\ij =0.
Show that the potential representation F,, = 0,4, — J, A, automatically satisfies
the second of these equations. [4]
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Question 5
In the presence of sources the Lagrangian density for the electromagnetic field is:

1
L=——F"%F,5— j,A®
I 5—J

a. Show that the Euler-Lagrange equations:

oL oL

On 90,A, 0A,

=0

are 0, F'" = j". [4]
b. The canonical stress tensor expressed in terms of the Lagrangian density L is:

o L

= SO — L

Use this definition to prove that 9,7}, = 0, then derive an expression for 7/ in terms
of the tensors F' and A. [4]

c. Show that in the absence of sources the canonical stress tensor T differs from the
symmetric stress tensor

1 1
O = —— |F™F Y — P F,
Ho 4
by a total derivative. [4]
d. Show that 1 ]
@00 _ - E2 2B2 @(]i - _—(E B i
Sl + *B?) ——(BxB)
and give the physical significance of these quantities. [4]

e. Show that in the presence of sources 9,0 = j#F,”. Then show that for v = 0 this
equation becomes the Poynting equation:

o€
—+V-P=-E.J, (7)

where £ is the energy density of the electromagnetic field and P is the Poynting
vector. Then explain the physical significance of (7). [4]

(© Queen Mary, University of London 2011 Page 5 Please turn to next page



FORMULA SHEET

ax(bxc) =(a-c)b—(a-b)c,

V - (ya) =a-Viy+¢V-a,

V x (¢a) = (Vy)) x a+¢(V x a),
V x(Vxa) =V(V-a)— Vi,
V(¥(r)) =ny/(r).

Metric:

+1  ifa=8=0
nwz{—lﬁa:ﬁ:LZB

0 if o # 3

0 —FE'Y)c —FE?/c —E3/c

1Fo5] = E'fe 0 -B® B
| B2 BB 0o -B
E3/c -B® B! 0

In spherical coordinates (7,6, ¢), with corresponding unit coordinate vectors (T, 0, é), for
a vector field A with components (A, Ag, Ay),

VXxA= 1 Flna (%(qusin@) — %) +0 (mlna aé?; - %%(TA(b))

+O3 (% (rdo) = %)

and for a scalar field G(r, 0, ¢)

0 _ 107 I A PR < S S A i
Ve = (TG)+rzsin089 sin r2sin? 0 d¢?

1 02 1 0 oG 1 0%G
r Or? 00
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