
REVISION 

Kinetics (kinematics) 

Motion of bodies without considering forces 

Consider an object moving in space in a generalised 3D path 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝑟(���⃗ 𝑎) = 𝑥(𝑎)𝚤̂ + 𝑦(𝑎)𝚥̂ + 𝑧(𝑎)𝑘�  

Its instantaneous velocity, v, is simply the rate of change of r, 
so 

�⃗� = 𝑑𝑟
𝑑𝑡

= �̇�    or    �̇�    
or 

�⃗�(𝑎) =
𝑑𝑥(𝑎)
𝑑𝑎

𝚤̂ +
𝑑𝑦(𝑎)
𝑑𝑎 𝚥̂ +  

𝑑𝑧(𝑎)
𝑑𝑎 𝑘�   
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where:  𝑣𝑥 = 𝑑𝑥
𝑑𝑡

    , 𝑣𝑦 = 𝑑𝑦
𝑑𝑡

    , 𝑣𝑧 = 𝑑𝑧
𝑑𝑡

 

 

�⃗�(𝑎) = 𝑣𝑥𝚤̂ + 𝑣𝑦𝚥̂ + 𝑣𝑧𝑘�  

so it can be written in terms of its own components 

We can define the acceleration a at time t as 

�⃗� =
𝑑�⃗�
𝑑𝑎 =

𝑑2𝑟
𝑑𝑎2 = �̇⃗� =  �̈� = �̈�    

 

�⃗�(𝑎) =
𝑑�⃗�(𝑎)
𝑑𝑎

=
𝑑�𝑣𝑥𝚤̂ + 𝑣𝑦𝚥̂ +  𝑣𝑧𝑘��

𝑑𝑎  

 

�⃗�(𝑎) =
𝑑𝑣𝑥
𝑑𝑎 𝚤̂ +

𝑑𝑣𝑦
𝑑𝑎 𝚥̂ +  

𝑑𝑣𝑧
𝑑𝑎  𝑘�  

 

�⃗�(𝑎) =
𝑑 𝑑𝑥𝑑𝑎
𝑑𝑎 𝚤̂ +

𝑑 𝑑𝑦𝑑𝑎
𝑑𝑎 𝚥̂ +  

𝑑 𝑑𝑧𝑑𝑎
𝑑𝑎  𝑘�  

 

�⃗�(𝑎) =
𝑑2𝑥
𝑑𝑎2 𝚤̂ +

𝑑2𝑦
𝑑𝑎2 𝚥̂ + 

𝑑2𝑧
𝑑𝑎2  𝑘� =

𝑑2𝑟(𝑎)
𝑑𝑎2  

 

 



or simply in terms of its own components 

 

�⃗�(𝑎) = 𝑎𝑥𝚤̂ + 𝑎𝑦𝚥̂ + 𝑎𝑧𝑘�  

where, 

 𝑎𝑥 = 𝑑𝑣𝑥
𝑑𝑡

= 𝑑2𝑥
𝑑𝑡2

  ,    𝑎𝑦 = 𝑑𝑣𝑦
𝑑𝑡

= 𝑑2𝑦
𝑑𝑡2

  ,    𝑎𝑧 = 𝑑𝑣𝑧
𝑑𝑡

= 𝑑2𝑧
𝑑𝑡2

   

 

Running the maths backwards now… 

�⃗�(𝑎) =
𝑑�⃗�(𝑎)
𝑑𝑎  

� �⃗�𝑑𝑎 = �𝑑�⃗�(𝑎) 

∆�⃗� = �⃗�𝑓 − �⃗�𝑖 = � �⃗�(𝑎)𝑑𝑎
𝑡𝑓

𝑡𝑖
 

Where 
�⃗�𝑖 = 𝑖𝑛𝑖𝑎𝑖𝑎𝑙 𝑣𝑒𝑙𝑜𝑐𝑖𝑎𝑦 

�⃗�𝑓 = 𝑓𝑖𝑛𝑎𝑙 𝑣𝑒𝑙𝑜𝑐𝑖𝑎𝑦 
𝑎𝑖 = 𝑖𝑛𝑖𝑎𝑖𝑎𝑙 𝑣𝑒𝑙𝑜𝑐𝑖𝑎𝑦 
𝑎𝑓 = 𝑓𝑖𝑛𝑎𝑙 𝑣𝑒𝑙𝑜𝑐𝑖𝑎𝑦 

 

Of course we can also do this for velocity 

�⃗�(𝑎) =
𝑑𝑟(𝑎)
𝑑𝑎      



� �⃗�(𝑎)𝑑𝑎 = �𝑑𝑟(𝑎) 

∆𝑟 = 𝑟𝑓 − 𝑟𝑖 = � �⃗�(𝑎)𝑑𝑎
𝑡𝑓

𝑡𝑖
 

Where, 

𝑟𝑖 = 𝑖𝑛𝑖𝑎𝑖𝑎𝑙 𝑝𝑜𝑠𝑖𝑎𝑖𝑜𝑛 

𝑟𝑓 = 𝑓𝑖𝑛𝑎𝑙 𝑝𝑜𝑠𝑖𝑎𝑖𝑜𝑛 

Usually ti=0 and we also have boundary (initial) conditions to 
define the constants of integration. 

 

Since we can write everything in terms of independent 
(orthogonal) components, 

 

𝑟(���⃗ 𝑎) = 𝑥(𝑎)𝚤̂ + 𝑦(𝑎)𝚥̂ + 𝑧(𝑎)𝑘� , 

�⃗�(𝑎) = 𝑣𝑥𝚤̂ + 𝑣𝑦𝚥̂ + 𝑣𝑧𝑘�, 

etc., 

∆𝑥 = ∫ 𝑣𝑥𝑑𝑎
𝑡𝑓
𝑡𝑖

,              ∆𝑦 = ∫ 𝑣𝑦𝑑𝑎
𝑡𝑓
𝑡𝑖

,           ∆𝑧 = ∫ 𝑣𝑦𝑧𝑑𝑎
𝑡𝑓
𝑡𝑖

 

 

and 

∆𝑣𝑥 = ∫ 𝑎𝑥𝑑𝑎
𝑡𝑓
𝑡𝑖

,            ∆𝑣𝑦 = ∫ 𝑎𝑦𝑑𝑎
𝑡𝑓
𝑡𝑖

,           ∆𝑣𝑧 = ∫ 𝑎𝑧𝑑𝑎
𝑡𝑓
𝑡𝑖

 



Remember that average velocity over interval ∆t, 

 

�⃗�𝐴𝑣𝑒𝑟𝑎𝑔𝑒 =
�⃗�𝑓 − �⃗�𝑖
𝑎𝑓 − 𝑎𝑖

≠
𝑑𝑥(𝑎)
𝑑𝑎  

 

Consider the special case of constant acceleration, i.e. not 
a(t) but simply a 

 

𝑎 =
𝑑𝑣
𝑑𝑎

 

�𝑎𝑑𝑎 = �𝑑𝑣 

∆𝑣 = [𝑎𝑎]0𝑡  

∆𝑣 = 𝑎𝑎 

𝑣𝑓 − 𝑣𝑖 = 𝑎𝑎 

 

Let vf=v and vi=u, 

   
𝑣 = 𝑢 + 𝑎𝑎 



 

We also have over interval t, 

 

∆𝑥 = 𝑆 = � (𝑢 + 𝑎𝑎)𝑑𝑎
𝑡

0
 

 

𝑆 = 𝑢𝑎 + 1
2
𝑎𝑎2 

 

 

 

 

Use     𝑎 = 𝑣−𝑢
𝑎

 and substitute into the above, 

𝑆 = 𝑢 �
𝑣 − 𝑢
𝑎

� + 1
2
𝑎 �
𝑣 − 𝑢
𝑎

�
2
 

𝑎𝑆 = 𝑢(𝑣 − 𝑢) + 1
2
(𝑣 − 𝑢)2 

𝑎𝑆 = 𝑢𝑣 − 𝑢2 + 1
2
(𝑣2 − 2𝑢𝑣 + 𝑢2) 

2𝑎𝑆 = 2𝑢𝑣 − 2𝑢2 + 1
2
(𝑣2 − 2𝑢𝑣 + 𝑢2) 

2𝑎𝑆 = 𝑣2 − 𝑢2 

 

 
𝑆 = 𝑢𝑎 + 1

2
𝑎𝑎2  

𝑣2 = 𝑢2 + 2𝑎𝑆 



𝑉𝐴𝑣𝑒𝑟𝑎𝑔𝑒 = 𝑆
𝑡

= 𝑢 + 1
2
𝑎𝑎 = 𝑢 + 1

2
�𝑣−𝑢

𝑎
� 𝑎 = 𝑣+𝑢

2
  

 

this is true only for constant a. 


