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,-./01$234/-5.67-3$

!"#$%&'"$&()*+",'"-.!"
8/$95/:;3$#1<;3$

$=11$&;/76>1$8;4;$?/-.@A$B*C$&DE0:6;>$,-304;340B$F-/$;>>$@DE0:6;>$6-304;340$G.-415$
D1/1C$$HD:0$6;3$I1$F-.35$;4$DJ@A%%@5KC>I>CK-<%$LC$M;N;O./;$&/"*01$P&;/76>1$8;4;$
?/-.@QR$SC$&DE0C$?$!"R$TUVTW*$PWT*TQC$ *$

234/-5.67-3$

W$



&>;3NA$!.;37X;7-3$
•  *YTTA$&>;3N$:34/-5.615$4D1$6-361@4$4D;4$
1>164/-O;K3176$/;5:;7-3$:0$1O:J15$;35$;I0-/I15$;0$
G.;34;$-F$131/KEC$

–  #;015$-3$4D1-/176;>$Z-/N$IE$=41F;3$;35$#->4XO;33$-3$
#>;6NI-5E$/;5:;7-3R$;35$514;:>15$1[@1/:O134;>$Z-/N$P011$
3-41$014$*QC$

E = hν

= �ω
� = 1.054571628(53)× 10−34Js

= 6.58211899(16)× 10−22MeV s

= 1 natural units

\1F0C$]*^$#_S$,D;@41/$*$
$]W^$`1E3O;3$a164./10R$b->.O1$222C$,D;@41/$W$

� = h/2π
\16;>>A$

+$

c:3041:3A$&D-4-1>164/:6$1d164$
•  *YTVA$HD1$/1>;7<:076$I1D;<:-./$>15$4-$O;00e131/KE$
1G.:<;>1361$<:;$

•  HD1$@D-4-1>164/:6$1d164$6-.>5$I1$1[@>;:315$.0:3K$
4D:0R$ZD1/1$P;0$@D-4-30$;/1$O;00>100Q$

E =
�

p2c2 + m2
0c

4

E = pc

\1F0C$]*^$#_S$,D;@41/$*$ )$



f;<1e@;/76>1$5.;>:4E$
•  *YW+A$9$041@$F-/Z;/5$:3$6-O@/1D130:-3$
–  &;/76>10$6;3$I1D;<1$;0$Z;<10$
– f;<10$6;3$I1D;<1$;0$@;/76>10$

•  HD1/1$:0$;3$:34/:30:6$06;>1$4-$4D1$@/-I>1O$51g315$IE$4D1$131/KE$
-31$:0$Z-/N:3K$;4C$

–  =-$F-/$;>>$@;/76>10$-31$g350$

–  1CKC$;$@>;31$Z;<1$6;3$I1$1[@/10015$;0$

p =
h

λ
= �k N$h$Z;<1$3.OI1/$

E =
�

p2c2 + m2
0c

4 ≡ �ω

\1F0C$]*^$#_S$,D;@41/$*$
$]W^$`1E3O;3$a164./10R$b->.O1$222C$,D;@41/$W$

Ψ(x, t) = ei(kx−ωt) = ei(px−Et)/�

V$

HD1$f;<1$cG3C$H8=c%H2=c$
•  `/-O$131/KE$6-30:51/;7-30A$

•  `/-O$4D:0$-31$515.610A$

•  2F$4D1$@-4137;>$:0$7O1e:351@135134R$4D13$Z1$01@;/;41$-.4$4D1$
Z;<1$F.367-3$:34-$0@;61$;35$7O1$@;/40A$$

•  ZD1/1$

E = KE + PE

=
p2

2m
+ V (x, t)

− �2

2m

∂2Ψ(x, t)
∂x2

+ V (x, t)Ψ(x, t) = i�∂Ψ(x, t)
∂t

− �2

2m

∂2ψ(x)
∂x2

+ V (x)ψ(x) = Eψ(x)
df(t)

dt
= − iE

� f(t)

Ψ(x, t) = ψ(x)f(t)\1F0C$]*^$#_S$,D;@41/$+$ i$



=-O1$-I01/<;7-30$
•  HD1$';O:>4-3:;3$-@1/;4-/$:0$jA$

•  HD1$0->.7-3$kcP[Q$:0$4D1$1:K13F.367-3$-F$j$Z:4D$131/KE$
1:K13<;>.1$cC$

•  c$:0$/1;>$;35$F-/$4D1$H2=c$j$:0$/1;>R$0-$4D1$kcP[Q$;/1$/1;>C$

–  c:K13<;>.10$-F$@DE0:6;>$-I01/<;I>10$;/1$/1;>C$
–  HD:0$5-10$3-4$D->5$F-/$4D1$H8=cR$;0$4D1$131/KE$:0$/1;>R$I.4$
7O1e51@1351361$:0$6-O@>1[C$$

�Hψ(x) = Eψ(x)

U$

=.@1/@-0:7-3$@/:36:@>1$
•  23$K131/;>$4D1$Z;<1F.367-3$:0$K:<13$IE$

•  HD:0$:0$;$0.O$-<1/$;>>$@-00:I>1$:351@135134$0->.7-30$
-F$4D1$Z;<1$1G.;7-3C$

•  HD1$P:3$K131/;>$6-O@>1[Q$6-1l6:1340$6:$O.04$0;70FE$
4D1$-<1/;>>$3-/O;>:0;7-3$6-35:7-3$5:64;415$IE$4D1$
#-/3$:341/@/14;7-3$P31[4$0>:51Q$

Ψ(x, t) =
∞�

i=1

ciψi(x, t)

m$



#-/3$:341/@/14;7-3$
•  HD1$Z;<1$F.367-3$:0$;$@/-I;I:>:4E$;O@>:4.51C$$:C1C$

–  HD1$@/-I;I:>:4E$4D;4$;$O1;0./1O134$;4$0-O1$7O1$4$-F$4D1$
@;/76>1$@-0:7-3$[$Z:>>$E:1>5$;$/10.>4$I14Z113$[$;35$[n5[C$

–  23$+8$4D:0$I16-O10$

•  HD1$@/-I;I:>:4E$-F$g35:3K$4D1$@;/76>1$;3EZD1/1$$
K:<13$;$O1;0./1O134$;4$7O1$4$0D-.>5$I1$*C$$$
–  =-$Z1$D;<1$-./$3-/O;>:0;7-3$6-35:7-3A$

P = |Ψ(x, t)|2dx

Y$

P = |Ψ(r, t)|2d3x

d3x = dV = dxdydz

∞�

−∞

|Ψ(r, t)|2d3x = 1

!.107-3$
•  2F$2$D;<1$;$Z;<1eF.367-3$K:<13$IE$

– fD;4$:0$4D:0$PI;0:6$41/O0$o$ZD;4$4E@1$-F$G.;374EQp$

– fD;4$5-10$:4$/1@/10134p$

– fD;4$:0$4D1$@/-I;I:>:4E$-F$g35:3K$4D1$@;/76>1$;4$;$K:<13$
@-:34$ϕp$

–  '-Z$5-10$4D1$@/-I;I:>:4E$<;/E$Z:4D$ϕp$

Ψ = Aeiφ

*T$



H2=c$
•  \1<:0:4$4D1$H2=cA$bP[R4Q$h$bP[QR$0-$

;35$

kP[Q$51@1350$-3$4D1$@-4137;>R$ZD1/1;0$-3>E$4D1$\'=$:0$
7O1e51@135134C$$f1$6;3$0-><1$F-/$FP4Q$

0-$

− �2

2m

∂2ψ(x)
∂x2

+ V (x)ψ(x) = Eψ(x)
df(t)

dt
= − iE

� f(t)

Ψ(x, t) = ψ(x)f(t)

\1F0C$]*^$#_S$,D;@41/$+$

f(t) = Ae−iEt/�

Ψ(x, t) = ψ(x)e−iEt/�

HD1$3-/O;>:0;7-3$6-304;34$D;0$I113$
;I0-/I15$:34-$kP[QR$;35$Z1$6;3$3-Z$
.01$4D:0$0->.7-3$:3$4D1$=cC$ **$

H2=c$
•  0-$

6;3$I1$Z/:J13$;0$

*W$

− �2

2m

∂2ψ(x)
∂x2

+ V (x)ψ(x) = Eψ(x)

�Hψ(x) = Eψ(x)

';O:>4-3:;3$

f;<1F.367-3$
c31/KE$1:K13e<;>.1$c$6-//10@-35:3K$
4-$4D1$04;41$kcP[Q$

c$:0$/1;>R$0-$kc$:0$/1;>$

I.4$qP[R4Q$h$kc$1e:c4%r$:0$6-O@>1[$
\1F0C$]*^$#_S$,D;@41/$+$



,-301G.13610$-F$4D1$#-/3$:341/@/14;7-3$
•  HD1$Z;<1F.367-3$136-510$1<1/E4D:3K$Z1$;/1$;I>1$4-$
5141/O:31$;I-.4$;$04;41C$

•  HD1$O1;0./1O134$-F$;$G.;374E$P1CKC$@-0:7-3Q$:0$
@/-I;I:>:076R$;35$3-4$;$5141/O:3:076$-31C$

•  f1$6;3$@/1@;/1$;$04;41$qP[R4QR$;35$0.I01G.134>E$
O;N1$;$O1;0./1O134$-F$4D1$@-0:7-3$;4$0-O1$7O1$4C$
–  HD1$Z;<1$F.367-3$41>>0$:0$4D1$@/-I;I:>:4E$-F$-I01/<:3K$4D1$
04;41$I14Z113$[$;35$[n5[$:0$K:<13$IE$$

*+$

P = |Ψ(x, t)|2dx

,-301G.13610$-F$4D1$#-/3$:341/@/14;7-3$
•  f1$6;3$@/1@;/1$;3$1301OI>1$-F$04;410$qP[R4QR$;35$

0.I01G.134>E$O1;0./1$4D1OC$$

•  `/-O$4D1$1301OI>1$Z1$6;3$6-O@.41$;3$1[@164;7-3$<;>.1$:3$
4D1$3-/O;>$Z;E$

•  f1$3-/O;>>E$Z/:41$4D:0$;0$

*)$

�x� =
∞�

−∞

x|Ψ(x, t)|2dx

�x� =
∞�

−∞

Ψ∗(x, t)xΨ(x, t)dx

=
∞�

−∞

Ψ∗xΨdx



,-301G.13610$-F$4D1$#-/3$:341/@/14;7-3$
•  HD:0$:0$4D1$1301OI>1$P-/$,-@13D;K13Q$:341/@/14;7-3$-F$!"C$

•  f1$6;3$6-O@.41$;$0@/1;5$-3$[$K:<13$IE$s[R$ZD1/1$

•  f1$N3-Z$t[u$P@/1<:-.0$0>:51QR$;35$$

•  0-$s[$:0$6;>6.>;I>1C$
*V$

�x2� =
∞�

−∞

Ψ∗x2Ψdx

∆x =
�
�x2� − �x�2

HZ-$0>:4$1[@1/:O134$/1<:0:415$
•  &/1@;/1$;3$1301OI>1$-F$04;410$

ZD1/1$

fD:6D$0>:4$5:5$;$@;/76>1$K-$4D/-.KDp$

*i$

Ψ =
1√
2
(Ψ1 + Ψ2)

|Ψ|2 =
1
2
(|Ψ1|2 + |Ψ2|2 + Ψ∗

1Ψ2 + Ψ1Ψ∗
2)

=
1
2
(|Ψ1|2 + |Ψ2|2 + 2Re[Ψ∗

1Ψ2])

,;3v4$41>>$;0$Z1$5:53v4$O1;0./1$4D;4C$
HD1$Z;<1F.367-3$q$/1@/101340$;3$cM=c"#ac$-F$04;410$Z:4D$1G.;>$
@/-I;I:>:4E$;O@>:4.51$4D;4$;$K:<13$@;/76>1$:0$5106/:I15$IE$1:4D1/$
q*$-/$IE$qWC$

2341/F1/1361$Pq:wqxR$:yxQ$:0$4D1$N1E$F1;4./1$D1/1C$



#-.35;/E$6-35:7-30$
*C  &DE0:6;>$04;410$;/1$>-6;>:015R$0-$

WC  HD1$f`$q$O.04$I1$0G.;/1$:341K/;I>1$PD;<1$4-$I1$;I>1$4-$3-/O;>:01$
:4QC$

+C  zqzW$:0$;$@/-I;I:>:4E$5130:4E$F.367-3R$0-$:4$D;0$4-$I1$0:3K>1$<;>.15C$
*C  #.4$4D1$Z;<1$F.367-3$q$5-10$3-4$D;<1$4-$0;70FE$4D:0C$

)C  HD1$Z;<1$F.367-3$D;0$4-$I1$6-373.-.0$1<1/EZD1/1$PF->>-Z0$@-:34$
+QC$

VC  HD1$51/:<;7<1$$5q%5[$$D;0$4-$I1$6-373.-.0$1<1/EZD1/1$0-$4D;4$
4D1$016-35$51/:<;7<1$:0$g3:41$:3$4D1$';O:>4-3:;3C$
*C  c[61@7-3$:0$4D1$:3g3:41$0G.;/1$Z1>>$1[;O@>1C$

*U$

lim
x→±∞

ψ(x) = 0

23g3:41$=G.;/1$f1>>$
•  bP[Q$:0$:351@135134$-F$7O1R$0-$

*m$

Ψ(x, t) = ψ(x)e−iEt/�

− �2

2m

∂2ψ(x)
∂x2

+ V (x)ψ(x) = Eψ(x)

[$

bP[Q$

:3g3:41$@-4137;>$ :3g3:41$@-4137;>$



23g3:41$=G.;/1$f1>>$
•  bP[Q$:0$:351@135134$-F$7O1R$0-$

•  M-41$4D;4A$

•  =-$cGC$P*Q$K:<10$

•  =->.7-30$4;N1$4D1$F-/O$

•  {55$;35$1<13$@;/40$4-$4D1$@/-I;I:>:4E$;O@>:4.51C$ *Y$

Ψ(x, t) = ψ(x)e−iEt/�

− �2

2m

∂2ψ(x)
∂x2

+ V (x)ψ(x) = Eψ(x)

ψ(x) = 0 when x = ±L/2
ψ(x) = 0 when |x| > L/2
V (x) = 0 when |x| < L/2

P*Q$

d2ψ

dx2
= −kψ(x), where k =

�
2mE

�

ψ(x) = A cos(kx) + B sin(kx)

23g3:41$=G.;/1$f1>>$
•  =->.7-30$;/1$K:<13$IE$

WT$

En = n2 π2�2

2mL2
, where n = 1, 2, 3, 4, ...

ψ(x) =
�

2
L

�
cos

�nπx

L

�
+ sin

�nπx

L

��

3-3e<;3:0D:3K$F-/$-55$<;>.10$-F$3$
P:C1C$:K3-/1$41/O$F-/$1<13$3Q$

3-3e<;3:0D:3K$F-/$1<13$<;>.10$-F$3$
P:C1C$:K3-/1$41/O$F-/$-55$3Q$



23g3:41$=G.;/1$f1>>$
•  3h*A$?/-.35$04;41$

W*$

x
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(x
)

!
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x
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!*
!
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1
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1.4

1.6

1.8

2

2.2

Ψ(x, t) =
�

2
L

cos
�πx

L

�
e−iE1t/�, and E1 =

π2�2

2mL2

f;<1$F.367-3$P.3e3-/O;>:015Q$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$&8`$P.3e3-/O;>:015Q$

23g3:41$=G.;/1$f1>>$
•  3hWA$`:/04$1[6:415$04;41$

WW$

x
-0.4 -0.2 0 0.2 0.4

(x
)

!
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x
-0.4 -0.2 0 0.2 0.4

!*
!

0
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0.8

1

1.2

1.4

1.6

1.8

2

2.2

Ψ(x, t) =
�

2
L

sin
�

2πx

L

�
e−iE2t/�, and E2 =

4π2�2

2mL2

f;<1$F.367-3$P.3e3-/O;>:015Q$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$&8`$P.3e3-/O;>:015Q$



23g3:41$=G.;/1$f1>>$
•  3h+A$=16-35$1[6:415$04;41$

W+$

x
-0.4 -0.2 0 0.2 0.4

!*
!

0
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0.4

0.6

0.8

1

1.2

1.4
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1.8

2

2.2

x
-0.4 -0.2 0 0.2 0.4

(x
)

!

-1.5

-1

-0.5

0

0.5

1

1.5

Ψ(x, t) =
�

2
L

cos
�

3πx

L

�
e−iE3t/�, and E3 =

9π2�2

2mL2

f;<1$F.367-3$P.3e3-/O;>:015Q$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$&8`$P.3e3-/O;>:015Q$

23g3:41$=G.;/1$f1>>$
•  3h)A$HD:/5$c[6:415$04;41$

W)$

x
-0.4 -0.2 0 0.2 0.4

!*
!

0
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2.2

x
-0.4 -0.2 0 0.2 0.4

(x
)

!
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0

0.5

1

1.5

Ψ(x, t) =
�

2
L

sin
�

4πx

L

�
e−iE4t/�, and E4 =

16π2�2

2mL2

f;<1$F.367-3$P.3e3-/O;>:015Q$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$&8`$P.3e3-/O;>:015Q$



!.107-3$
•  HD:0$:0$;$8;>:4X$@>-4C$$fD;4$5-$E-.$4D:3N$:0$K:<:3K$4D:0$
04/.64./1p$

WV$

=11$DJ@A%%0.@1/Z1;NCZ-/5@/100C6-O%WTTi%TU%+*%5;>:4Xe@>-40%R$;35$F-/$;$
O-/1$514;:>15$5106/:@7-3$/1F1/$4-$4D1$&8?$0167-3$-3$L:31O;760C$

S.04$>:N1$4D1$g3:41$0G.;/1$Z1>>$@-4137;>R$I.4$D1/1$4D1$G.;34.O$51K/11$-F$
F/115-O$:0$0-O14D:3K$6;>>15$0@:3C$$f1v>>$6-O1$I;6N$4-$4D;4$>;41/C$

90:51$
•  HD1$LwPmYWQ$;35$|P*TWTQ$@;/76>10$;/1$S&$h$*}C$

–  HD101$;/1$<164-/$@;/76>10C$$'1/1$Z1$D;<1$

•  HD1$0@:3e-31$PSh*Q$G.;34.O$3.OI1/$;00:K3O134$:0$;3;>-K-.0$
4-$4D1$g/04$1[6:415$04;41$P3hWQ$-F$4D1$2=f$@/-I>1OC$

•  f1$Z:>>$011$>;41/$4D;4$&h}*$:35:6;410$4D;4$4D1$Z;<1eF.367-3$:0$
;>0-$;37e0EOO14/:6$P>:N1$4D1$3hW$2=f$0->.7-3QC$$

•  =11$&8?$L:31O;760$/1<:1Z$F-/$O-/1$:3F-/O;7-3$-3$+$I-5E$
516;E0C$

Wi$

φ(1020)→ K+K−

K∗0(892)→ K+π−



"-O134.O$
•  ,-30:51/$;$51$#/-K>:1$Z;<1$;0$;3$:51;>:015$1[;O@>1A$

•  M-/O;>:0;7-3$-F$4D1$f`$:0$;$@/-I>1OR$D-Z1<1/$Z1$6;3$
6-O@.41$;$Z;<1$@;6N14$6-30:073K$-F$;3$:3g3:41$0.O$-F$
@-00:I>1$51$#/-K>:1$Z;<10$4-$-I4;:3$;$O-O134.O$Z;<1$
F.367-3$~P@R4QR$ZD1/1$

•  ;35$;3$:3<1/01$`-./:1/$H/;30F-/O$E:1>50$

WU$

Ψ(x, t) = ei(kx−ωt) = ei(px−Et)/�

Ψ(x, t) =
1√
2π�

∞�

−∞

φ(p)ei(px−Et)/�dp

Ψ(x, t) =
1√
2π�

∞�

−∞

Φ(p, t)eipx/�dp

Φ(p, t) =
1√
2π�

∞�

−∞

Ψ(x, t)e−ipx/�dx

"-O134.O$
•  2341/@/14$z~zW5@$;0$4D1$@/-I;I:>:4E$-F$-I01/<:3K$;$@;/76>1$

Z:4D$O-O134.O$I14Z113$@$;35$5@C$
•  24$F->>-Z0$P011$9@@135:[$-F$M-41$=14$*Q$4D;4$

•  `/-O$4D:0$:341/@/14;7-3$Z1$6;3$011$4D;4$

•  ZD1/1$Z1$1[@>:6:4>E$513-41$4D:0$;0$;3$-@1/;4-/$P>:N1$4D1$
';O:>4-3:;3$1;/>:1/Q$

Wm$

�p� =
∞�

−∞

Ψ∗(x, t)
�
−i� ∂

∂x

�
Ψ(x, t)dx

�p ≡ −i� ∂

∂x

�p� =
∞�

−∞

Φ∗(p, t) �p Φ(p, t)dp



{@1/;4-/0$
•  8E3;O:6;>$<;/:;I>10$:3$!"$;/1$-I4;:315$IE$/1@>;6:3K$4D1:/$

6>;00:6;>$O-O134.O$<;/:;I>10$Z:4D$4D1$!"$-@1/;4-/0C$
–  1CKC$
–  0-$

–  '1361$4D1$=c$1G.;7-3$I16-O10A$

WY$

A(x, p)→ �A = A(x, �p)
x → x

p → �p = −i� ∂

∂x

H → �H
L = r × p → �L = r × �p

so �L = i�r ×∇

�HΨ = i�∂Ψ
∂t

'1:013I1/Kv0$�361/4;:34E$&/:36:@>1$
•  =41O0$F/-O$6-OO.4;7-3$/1>;7-30$P6CFC$4D1$3-3e6-OO.4;I:>:4E$

-F$O;4/:610QC$

•  HD1$6-OO.4;4-/$-F$4Z-$-@1/;4-/0$:0$K:<13$IE$

•  1CKC$5:d1/137;7-3$-@1/;4-/0$5-$3-4$6-OO.41$

•  ;0$

+T$

[A, B] = AB −BA

[x, �px] = i�

[x, �px]ψ = (x�px − �pxx)ψ

= −i�
�
x

∂

∂x
ψ(x)− ∂

∂x
{xψ(x)}

�

= −i�
�
x

∂

∂x
ψ(x)− x

∂

∂x
ψ(x)− ψ(x)

�

= i�ψ(x)



'1:013I1/Kv0$�361/4;:34E$&/:36:@>1$
•  9$K131/;>$;/K.O134$6;3$I1$.015$4-$0D-Z$4D;4$F-/$;3E$4Z-$

-@1/;4-/0$$

•  ZD1/1$s9$;35$s#$;/1$4D1$/10@167<1$.361/4;:3710$-3$;3$
1301OI>1$O1;0./1O134$-F$4D1$4Z-$-I01/<;I>10$-3$;$
0E041O$:3$;$K:<13$G.;34.O$04;41C$

•  `-/$O-O134.O$;35$0@;61$Z1$g35$

•  :C1C$:4$:0$3-4$@-00:I>1$4-$0:O.>4;31-.0>E$N3-Z$[$;35$@[$4-$
:3g3:41$@/16:0:-3C$

+*$

∆A∆B ≥ 1
2

����[ �A, �B]�
���

∆x∆px ≥
�
2

c31/KE$1:K1304;410$
•  ,-30:51/$0->.7-30$4-$4D1$H2=c$:C1C$bP[R4Q$h$bP[Q$
–  1CKC$4D1$:3g3:41$0G.;/1$Z1>>$P/1O:351/$-F$4D1$K/-.35$04;41Q$

+W$

x
-0.4 -0.2 0 0.2 0.4

(x
)

!

0

0.2

0.4

0.6

0.8

1

1.2

1.4

x
-0.4 -0.2 0 0.2 0.4

!*
!

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2.2

Ψ(x, t) =
�

2
L

cos
�πx

L

�
e−iE1t/�, and E1 =

π2�2

2mL2

f;<1$F.367-3$P.3e3-/O;>:015Q$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$&8`$P.3e3-/O;>:015Q$

3h*$ 3h*$



c31/KE$1:K1304;410$
•  =->.7-30$D;<1$4D1$F-/OA$

•  D1361$

•  =-$4D1$@/-I;I:>:4E$:0$K:<13$IE$

•  :C1C$@/-I;I:>:4E$:0$:351@135134$-F$7O1CCC$$

•  =-$4D1$04;41$qc$0D-.>5$I1$04;7-3;/EC$

++$

ΨE(x, t) = ψE(x)e−iEt/�

Ψ∗
E(x, t) = ψ∗

E(x)e+iEt/�

P (x, t) = Ψ∗
E(x, t)ΨE(x, t)

= |ΨE(x, t)|2

= |ψE(x)|2

= P (x)

c31/KE$1:K1304;410$
•  `-/$0->.7-30$-F$4D1$H2=cR$4D1$7O1$51@1351361$F;>>0$-.4$-F$4D1$

1[@164;7-3$<;>.1$6-O@.4;7-3C$
–  =11$3-410$F-/$K131/;>$5:06.00:-3C$

•  *Q$>14v0$6-30:51/$O-O134.OA$

•  =-$4D1$6-O@>1[$6-3x.K;41$-F$4D:0$:0$

+)$

�p = −i� ∂

∂x

��p� = −i�
+∞�

−∞

ψ∗n(x)
∂

∂x
ψn(x)dx

(��p�)∗ =



−i�
+∞�

−∞

ψ∗n(x)
∂

∂x
ψn(x)dx




∗

= i�
+∞�

−∞

ψn(x)
∂

∂x
ψ∗n(x)dx

= −��p�

t@uhT$:0$4D1$-3>E$<;>:5$
0->.7-3$;0$4D1$
1[@164;7-3$<;>.1$-F$;3$
-I01/<;I>1$D;0$4-$I1$;$
/1;>$G.;374EC$$



c31/KE$1:K1304;410$
•  WQ$3-Z$6-30:51/$131/KE$1[@164;7-3$<;>.10$;35$4D1$';O:>4-3:;3$

•  c31/KE$:0$G.;37015$0-$Z1$Z-.>5$;376:@;41$4D;4$4D1$.361/4;:34E$
-3$c$Z-.>5$I1$X1/-R$ZD1/1$

•  HD:0$:0$>1Ä$;0$;3$1[1/6:01$F-/$E-.$4-$0D-ZC$$

+V$

� �H� =
+∞�

−∞

Ψ∗n(x, t) �HΨn(x, t)dx

=
+∞�

−∞

ψ∗n(x) �Hψn(x)dx

= En

∆E =
�
� �H2� − � �H�2

{/4D-K-3;>:4E$;35${/4D-3-/O;>:4E$
•  24$6;3$I1$0D-Z3$P011$3-41$014$*Q$4D;4$

•  ZD:6D$6;3$I1$.015$4-$0D-Z$4D;4$4D1$131/KE$1:K1304;410$;/1$
-/4D-K-3;>C$

•  =-$P*Q$o$PWQ$K:<10$

+i$

+∞�

−∞

Ψ∗i �HΨjdx =
+∞�

−∞

( �HΨi)∗Ψjdx

Hij =
+∞�

−∞

Ψ∗i �HΨjdx = Ej

+∞�

−∞

Ψ∗i Ψjdx

=
+∞�

−∞

( �HΨi)∗Ψjdx = E
∗
i

+∞�

−∞

Ψ∗i Ψjdx

(Ej − E∗i )
+∞�

−∞

Ψ∗i Ψjdx = 0

P*Q$

PWQ$



{/4D-K-3;>:4E$;35${/4D-3-/O;>:4E$
•  ,;01$*A$:hx$

–  c:ec:whT$$K:<13$IE$4D1$/1G.:/1O134$4D;4$4D1$131/KE$1:K13$
<;>.10$O.04$I1$/1;>C$

–  HD1$:341K/;>$:0$0:O@>E$4D1$F;O:>:;/$3-/O;>:0;7-3$6-35:7-3$

+U$

(Ej − E∗i )
+∞�

−∞

Ψ∗i Ψjdx = 0

∞�

−∞

Ψ∗i Ψidx = 1

{/4D-K-3;>:4E$;35${/4D-3-/O;>:4E$
•  ,;01$WA$:yx$

–  cxec:wyT$$K:<13$3-3e51K131/;41$0->.7-30C$

–  '1361$4D1$:341K/;>$O.04$I1$X1/-Å$

–  '1361$4D1$131/KE$1:K1304;410$;/1$-/4D-K-3;>C$

+m$

(Ej − E∗i )
+∞�

−∞

Ψ∗i Ψjdx = 0

∞�

−∞

Ψ∗i Ψjdx = 0, for i �= j



{/4D-K-3;>:4E$;35${/4D-3-/O;>:4E$
•  f1$6;3$136-51$4D101$4Z-$0613;/:-0$:34-$;$0:3K>1$
1[@/100:-3A$4D1$-/4D-3-/O;>:4E$6-35:7-3$

•  ZD1/1$4D1$\'=$:0$4D1$L/-316N1/$51>4;A$

+Y$

∞�

−∞

Ψ∗i Ψjdx = δij

δij = 1 for i = j

= 0 for i �= j

93$;5O:[4./1$-F$04;410A$1[;O@>1$
•  ,-30:51/$;$6->5$K;0$-F$DE5/-K13$;4-O0$:3$4D1:/$K/-.35$04;41C$

•  2F$4D1$K;0$:0$1[6:415$IE$;$>;01/$0.6D$4D;4$4D1/1$:0$;$VT%VT$@/-I;I:>:4E$4D;4$;3$
;4-O$O-<10$F/-O$4D1$K/-.35$04;41$P3h*Q$4-$4D1$g/04$1[6:415$04;41$P3hWQR$
4D13$

•  HD1$7O1e51@1351361$5-10$3-4$<;3:0D$F/-O$4D1$@/-I;I:>:4E$5130:4E$
F.367-3A$

)T$

Ψ(x, t) =
1√
2

[Ψ1(x, t) + Ψ2(x, t)]

=
1√
2

�
ψ1(x)e−iE1t/� + ψ2(x)e−iE2t/�

�

Ψ∗(x, t)Ψ(x, t) =
1
2

�
|Ψ1(x, t)|2 + |Ψ2(x, t)|2 + Ψ∗

1(x, t)Ψ2(x, t) + Ψ∗
2(x, t)Ψ1(x, t)

�

=
1
2

�
|Ψ1(x, t)|2 + |Ψ2(x, t)|2 + 2Re {Ψ∗

1(x, t)Ψ2(x, t)}
�

=
1
2

�
|Ψ1(x, t)|2 + |Ψ2(x, t)|2 + 2ψ1(x)ψ2(x) cos

�
E2 − E1

� t

��



93$;5O:[4./1$-F$04;410A$1[;O@>1$
•  HD1$;3K.>;/$F/1G.136E$51@1350$-3$4D1$131/KE$5:d1/1361$

•  #.4$4D1$3-/O;>:0;7-3$6-35:7-3$:0$316100;/:>E$6-304;34A$

)*$

ω12 =
E2 − E1

�

∞�

−∞

|Ψ|2dx = 1

93$;5O:[4./1$-F$04;410A$1[;O@>1$
•  ,-30:51/$4D1$131/KE$1[@164;7-3$<;>.1A$

•  935$4D1$.361/4;:34E$-3$c$:0$K:<13$IE$

•  24$6;3$I1$0D-Z3$P>1Ä$;0$;3$1[1/6:01Q$4D;4A$$

)W$

� �H� =
∞�

−∞

Ψ∗ �HΨdx

=
1
2

∞�

−∞

Ψ∗1 �HΨ1 + Ψ∗2 �HΨ2dx

=
E1 + E2

2

∆E =
�
� �H2� − � �H�2

∆E =
E2 − E1

2



93$;5O:[4./1$-F$04;410A$1[;O@>1$
•  23$K131/;>$-31$6;3$6-30:51/$4D1$6;01$ZD1/1$4D1$f`$:0$

•  1CKC$F-/$W$6-O@-31340$

•  ZD1/1$3-/O;>:0;7-3$/1G.:/10$4D;4$

•  ;35$4D1$1[@164;7-3$<;>.10$;/1$O-5:g15$;66-/5:3K>EC$
–  HD:0$F-/O;>:0O$:0$;@@>:6;I>1$4-$;$3.OI1/$-F$@DE0:6;>$0:4.;7-30$

•  =41/3$?1/>;6D$1[@1/:O134$
•  M1.4/;>$LR$8R$#5$;35$#0$O:[:3K$
•  31.4/:3-$-06:>>;7-3$
•  !.;34.O$:3F-/O;7-3$;>K-/:4DO0$
•  146C$

)+$

Ψ =
�

i

ciΨi

Ψ = c1Ψ1 + c2Ψ2

|c1|2 + |c2|2 = 1

HD1$O1;0./1O134$@-04.>;41$
•  HD1$O-04$K131/;>$0->.7-3$F-/$4D1$H8=c$:0$;$>:31;/$6-OI:3;7-3$-F$;>>$

@-00:I>1$131/KE$1:K13F.367-30A$

•  ZD1/1$4D1$6-1l6:1340$;/1$K:<13$IE$

•  fD;4$5-$4D1$63$/1@/10134p$

–  ,-30:51/$4D1$131/KE$1[@164;7-3$<;>.1$tcu$4-$51<1>-@$;3$:30:KD4$-3$
4D:0$G.107-3C$

))$

Ψ =
�

n

cnΨn

=
�

n

cnψne−iEnt/�

cn =
+∞�

−∞

Ψ(x, 0)ψ∗m(x)dx P=11$3-410$F-/$@/--FQ$



HD1$O1;0./1O134$@-04.>;41$

•  f1$:341/@/14$z63zW$;0$4D1$@/-I;I:>:4E$-F$-I01/<:3K$4D1$0E041O$
:3$04;41$3R$Z:4D$131/KE$c3$0.I01G.134$4-$;$O1;0./1O134C$ )V$

� �H� =
∞�

−∞

Ψ∗ �HΨdx

=
�

m

�

n

c
∗
mcne

i(Em−En)t/�
∞�

−∞

ψ∗m �Hψndx

=
�

m

�

n

c
∗
mcnEne

i(Em−En)t/�
∞�

−∞

ψ∗mψndx

=
�

m

�

n

c
∗
mcnEne

i(Em−En)t/�δmn

=
�

n

|cn|2En

HD1$O1;0./1O134$@-04.>;41$

)i$

93$1301OI>1$04;41$
@/1@;/15$;0$q$

Ψ =
�

n

cnΨn

9$0@16:g6$04;41$6-//10@-35:3K$
4-$G.;34.O$3.OI1/$3R$Z:4D$
131/KE$c3R$;35$1:K1304;41$q3$

Ψn

HD1$Z;<1$F.367-3$6->>;@010$F/-O$4D1$
1301OI>1$-F$@-00:I>1$04;410$:34-$;$
51g3:41$04;41C$$

HD1$6->>;@01$:0$4/:KK1/15$IE$4D1$;64$-F$
O;N:3K$;$O1;0./1O134C$$



8:/;6$3-4;7-3$
•  f1$Z:>>$011$;$0:O@>:g15$3-4;7-3$5./:3K$4D:0$6-./01$

•  HD:0$:0$N3-Z3$;0$4D1$8:/;6$3-4;7-3$P-/$8:/;6$I/;N14$
3-4;7-3QC$$'1/1$

$$$$$ZD:6D$:0$;$.01F.>$0D-/4D;35$F-/$4D1$:341K/;>$1G.;7-30C$

)U$

�

all space

Ψ∗Ψdx = �Ψ|Ψ�

�

all space

Ψ∗ �OΨdx = �Ψ| �O|Ψ�

bra = �Ψ|
ket = |Ψ�

HD1$O1;0./1O134$@-04.>;41$

)m$

93$1301OI>1$04;41$
@/1@;/15$;0$q$

Ψ =
�

n

cnΨn

9$0@16:g6$04;41$6-//10@-35:3K$
4-$G.;34.O$3.OI1/$3R$Z:4D$
131/KE$c3R$;35$1:K1304;41$q3$

Ψn

HD1$Z;<1$F.367-3$6->>;@010$F/-O$4D1$
1301OI>1$-F$@-00:I>1$04;410$:34-$;$
51g3:41$04;41C$$

HD1$6->>;@01$:0$4/:KK1/15$IE$4D1$;64$-F$
O;N:3K$;$O1;0./1O134C$$
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