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SECTION A: answer all questions 

A1) a) Write down the one-dimensional, time-dependent Schrödinger equation for a particle in a 
 potential ( )txV , .   
 b) What condition allows us to derive the time-independent Schrödinger equation? 
 c) Write down the one-dimensional, time-independent Schrödinger equation.  [5]                                 
A2) a) Write down an expression for the probability of detecting a particle in state( )tx,Ψ , at 

 time t, in the interval a ≤ x ≤ b . 
 b) Hence write down the normalisation condition for( )tx,Ψ .   [5]  

A3)   An observable, q, is represented by an operator, Q̂  . 

 a) Write an expression for the expectation value of the observable, q , in a state ( )tx,Ψ . 

 b) Write an expression for the uncertainty in the observable, q∆ . 

 c) Write expressions for the operators relating to position  and momentum (X̂ andP̂ ) and 
 for the squares of the operators.  
 d) If ( )tx,Ψ  is an eigenstate, write an equation relating it to the observable and its operator. 
            [10] 
A4)  a) If a potential is symmetric i.e. it obeys ( ) ( )xVxV =− , what are the consequences on the 
 parity of the allowed eigenstates? 
 b) Sketch the ground  and first excited state wavefunctions and probability densities of the 
 infinite square well to illustrate your answer in part (a).     [5]  
 
A5)  A system has angular momentum l = 2 , write down the corresponding values of ml which 
 are allowed.           [5] 

Questions A6 to A9 refer to particle prepared at t = 0 in the state Ψ(x,0) shown in figure 1.  
 
 
 
 
 
 
 
 
 
   Figure 1: A particle prepared in a state Ψ(x,0).  
 
This can be written as:  ( ) Nx =Ψ 0,  for axa ≤≤−  and ( ) 00, =Ψ x  elsewhere 

A6) By normalising the wave function, ( )0,xΨ , show that:  N = 
a2

1
   [5] 

A7) Prove that the position uncertainty, ∆x, is given by: 
3

a
x =∆             [5] 

A8) Show that the probability of detecting the particle in the interval -∆x ≤  x ≤  ∆x is 
3

1
[5] 

A9) Discuss whether the wavefunction shown in figure 1 contains any features generally  deemed 
incompatible with a wavefunction. What consequences would such features have?   [5] 
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Section B: answer two questions only, each question carries 25 marks. 

Question B1 

The harmonic approximation is used to describe certain features of the molecular energy spectrum 
of diatomic molecules.  

a) Draw an energy-internuclear separation diagram, corresponding to the ground and first excited 
electronic states, for a diatomic molecule. Include any additional energy levels present (vibrational, 
rotational), and label any transitions with the part of the electromagnetic spectrum they correspond 
to. Use your diagram to explain what is meant by harmonic approximation.  [10] 

b) The normalised ground state, Ψ0(x,t),  and first excited state, Ψ1(x,t),  wavefunctions of the 
harmonic oscillator can be written as:  
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i) What are the values of E0 and E1 in terms of ω0?      [2] 

Suppose an oscillator is prepared in a state Ψ(x,t) given by a linear combination of the ground state 
and first excited state wavefunctions, namely: 

( ) ( ) ( ){ }txtxtx ,,
2

1
, 10 Ψ−Ψ=Ψ  

ii) Show that ( )
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            [7] 

iii) Prove that the expectation value of position, x , oscillates with frequency0ω  and 

amplitude
a2

1
.          [6] 

 

N.B. You may wish to refer to the useful information at the front of the examination paper 
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Question B2 

In a scanning tunneling microscope (STM) the electrons can be assumed to tunnel through an 
approximately rectangular tunnelling barrier, whose height is given by the tip work function, ϕ, and 
whose width is the tip-substrate distance, L. 
   
a) Draw the following energy-position diagrams for tunnelling between the tip (ϕPt ~ 6 eV)  and the 
substrate (ϕAu ~ 5.5 eV) in an STM: 
 i) Under no external bias (open circuit case). 
 ii) With the tip and substrate connected with a conductor (short-circuit case). 
iii) With the tip at a small (~100 meV) positive bias compared to the short circuit case. 
iv) With the substrate at a small (~100 meV)  positive bias compared to the short circuit case. 
            [8] 

During the course we studied quantum mechanical tunnelling by considering a beam of particles of 
energy E incident on a rectangular potential barrier of height V0 and width L as shown in figure 2. 

 

 

 

 

 

   Figure 2: A rectangular potential barrier. 

The tunneling transmission coefficient, T, for such a barrier when E < V0 is given by: 
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b) Show that in the classically strongly forbidden case (a tall, thick barrier) the transmission 

coefficient reduces to: 
( )

2
0

2
016

V

eEVE
T

Lκ−−
≈       [8] 

c) Solve the Schrödinger equation in the region Lx ≤≤0 for both E < V0 and E > V0 . Hence show 
how the expression relating to the tunneling transmission coefficient for E < V0 can be modified to 
give the transmission coefficient for E > V0.       [9] 

     

N.B. You may wish to refer to the useful information at the front of the examination paper 

V0 

x = 0 x = L 

E < V0 
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Question B3 

a) Electronic states in the Hydrogen atom are described by four quantum numbers, namely n, l, ml 
and ms.  

i) Explain the meaning of the four quantum numbers and how their values are constrained (either 
on their own, or by one another). 

ii) Write expressions for 
2

L
r

 and Lz using the relevant quantum numbers and other quantities. 

             
            [10] 

The technique of separation of variables is used repeatedly in quantum mechanics. It is based on 
writing a function of several variables as the product of two or more functions, for example: 

( ) ( ) ( )ϕθϕθψ ,,, YrRr =  

During the course we used this to write the Hydrogen wavefunction as the product of a radial 
wavefunction and a spherical harmonic. An example of a  normalised spherical harmonic is given 
by: 

θ
π
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b) Explain how you would obtain the values of l and ml  for this spherical harmonic simply by 
inspection.           [3] 

c) Using the expressions for the angular momentum operators 2L̂  and zL̂  given below,  obtain the 
actual values of l and ml for the spherical harmonic considered in part (b).   [12] 
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Question B4 

A stream of particles of mass m and  energy 0>E  is incident from the left on the downward step 
potential shown in figure 3. 

 

 

  

 

 

 

 
 Figure 3:  A stream of particles incident on a downwards step potential (split into two regions). 

a) Write down the Schrödinger equation in regions 1 and 2 and obtain solutions, ( )tx,Ψ , for both 
regions.           [5] 

b) Given that the particle flux can be expressed as ( ) [ ]ΨΨ= P
m

txj ˆRe
1

, * , where P̂  is the 

momentum operator, obtain the incident, reflected and transmitted flux using the solutions obtained 
in part (a).           [5]  

c) Prove that the reflection coefficient, R, can be written as: 
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     [7] 

d)  i) Figure 3 is an example of an idealised, piece-wise continuous potential. Sketch a more 
realistic potential depicting this situation. By considering your sketch,  explain how we obtain 
realistic solutions for such an idealised potential.      [4] 

 ii) Discuss any consequences for the reflection coefficient if the particles were incident from the 
right to the left in figure 3.         [4] 

 

       

End of Paper  
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