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1. For discussion: Consider the dispersion curves for neon:
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Fig. 8.7 Acoustic mode dispersion curves for
neon (ccp structure) measured by inelastic
neutron scattering. L and T denote longi-
tudinal and transverse modes respectively.
For the [001] and [111] directions the two
transverse modes are degenerate (as indicated
by the label 2T).Along the [110] direction, the
(x,y) and (z) labels indicate the directions of
the atomic motions. (Data taken from Endoh
et al., Phys. Rev. B 11, 1681, 1975.)
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[110] are symmetrically equivalent points in reciprocal space (see below, and
Problem 4.5).

There are a number of overall features that should be noted at the outset.
The transverse acoustic modes for wave vectors along [100] and [111] are
degenerate as a result of the 4-fold and 3-fold rotational symmetry along these
directions respectively. On the other hand, the [110] direction contains only
a 2-fold rotation axis, so the two transverse modes have different frequencies.
The dispersion curves along the [100] and [111] directions closely follow the
sinusoidal relationship developed for the simple monatomic chain with nearest-
neighbour interactions. The more complex shapes of the dispersion curves along
[110] arise from second-neighbour interactions between planes of atoms which
arise even when there are only interactions between nearest-neighbour atoms.
This will be discussed in more detail below.

Another point that should be noted is that the [100] and [110] points in
reciprocal space are symmetrically equivalent (see Problem 4.5), and this
means that the dispersion curves along the two directions converge to common
frequencies at this point. In particular, it is necessary for two of the modes along
[110] to become degenerate at the Brillouin zone boundary. The reason why it
is the longitudinal and one of the transverse modes that become degenerate is
explored in Problem 8.1.

The data in Fig. 8.7, as in other plots of dispersion curves that will be given
later in this chapter, were obtained by inelastic neutron scattering experiments.
The basic theory of the method of inelastic neutron scattering will be discussed
in Chapter 10, but for the moment we can outline the basic idea. Neutrons are
scattered by quanta of lattice vibrations (to be discussed in Chapter 9), and the
frequency and wave vector of any vibration can be obtained by measuring the
change in energy and wave vector of the scattered neutron beam. The change

(a) Why are there only two branches in the (0, 0, ξ) and (ξ, ξ, ξ) directions, but three in the (ξ, ξ, 0)?

(b) Why are the curves identical at the points (0, 0, 1) and (1, 1, 0)? Sketch the displacements of
atoms for a vibration at one of these k values to help your explanation.

2. Consider a hypothetical crystal structure where the motif is a molecule containing three atoms in the
shape of an equilateral triangle. Sketch the Patterson map we would calculate from this crystal.

3. Prove the result claimed in class that, if we write an interatomic vector as r = (x, y, z) and have an
interatomic potential φ,

∂2φ

∂x2 =
x2

r2
∂2φ

∂r2 .

4. Consider the dispersion curves for potassium, which has a body-centred cubic structure, just as
we did for neon. Show that along the (1, 0, 0) direction all three force constants between nearest-
neighbour planes are equal:

Jx = Jy = Jz =
4
3 K

Note misprint in the question sheet handed out in class (which had 2K here) and also in Martin’s
book (p. 187)!

5. Consider our general expression for phonon dispersion in a 1D monoatomic chain:

ωk =

√
4J
m
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Show that this gives the correct results in the limiting cases we discussed (i.e., as k → 0 and for
k = π/a). Note another misprint – this one really my fault – sorry! The distributed version of
this sheet had k = π/2 here.


