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ABSTRACT

Context. Theory predicts that low mass protoplanets in a laminar protostellar disc will migrate into the central star prior to disc dispersal. It
is known that protoplanets on orbits with eccentricity e>H/r, where H is the disc scale height and r is the radius, can halt or reverse their
migration.

Aims. We examine whether a system of interacting protoplanetary cores can excite and sustain significant eccentricity of the population,
allowing some planetary cores to survive in the disc over its lifetime.

Methods. We employ two distinct numerical schemes: an N-body code, adapted to include migration and eccentricity damping due to the gas
disc via analytic prescriptions, and a hydrodynamics code that explicitly evolves a 2D protoplanetary disc model with embedded protoplanets.
The former allows us to study the long term evolution, the latter to model the systems with greater fidelity but for shorter times.

Results. After a brief period of chaotic interaction between the protoplanets that involves scattering, orbital exchange, collisions and the
formation of co-orbital planets, we find that the system settles into a quiescent state of inward migration. Differential migration causes the
protoplanets to form a series of mean motion resonances, such that a planet is often in resonance with both its interior and exterior neighbours.
This helps prevent close encounters and leads to the protoplanetary swarm, or subgroups within it, migrating inward at a uniform rate.

In about 2% of runs a single planet is scattered onto a distant orbit with significant eccentricity, allowing it to survive in the disc for ~ 108 years.
Over 20% of runs produce co-orbital planets that survive for the duration of the simulation, occupying mutual horseshoe or tadpole orbits.
Conclusions. Disc-induced damping overwhelms eccentricity growth through planet-planet interactions, such that a protoplanetary swarm

migrates inward. We suggest co-orbital planets may be observed in future exoplanet searches.
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1. Introduction

Of the 147 known extrasolar planetary systems, 17 are be-
lieved to be multiple-planet systems®. As observational tech-
niques improve and time-series of existing data lengthen, we
can expect the number and diversity of multiple planet systems
to increase substantially. Future missions such as KEPLER and
COROT will extend the discovery-space of extrasolar planets
further, covering the sub-Neptune mass range where current
observations typically cannot detect planets (e.g. Bonfils et al.
2005; Marcy et al. 2005; Rivera et al. 2005; Vogt et al. 2005;
Santos et al. 2004; Butler et al. 2003, 2004).

Current theories of planet formation suggest that a multi-
stage process leads to the final assembly of planetary bodies
within a protoplanetary disc. In simple terms, the process can
be described as: (i) coagulation and settling of dust grains, lead-
ing eventually to the formation of 1 km-sized planetesimals;
(ii) runaway growth of planetesimals leading to the formation

Send offprint requests to: P.Cresswell@gmul.ac.uk
1 Current data from the Extrasolar Planets Encyclopedia at
http://www.obspm.fr/encycl/encycl.html

of ~100 — 1000 km-sized planetary embryos; (iii) oligarchic
growth of these embryos, which accrete the surrounding plan-
etesimals, eventually forming planetary cores of ~ 10 Mg in
the giant planet region beyond ~ 3 AU, or Mars-mass bodies
in the terrestrial planet zone. The 10 — 15 Mg rock and ice
cores that form in the giant planet region are expected to ac-
crete gaseous envelopes and become gas giants if they form
prior to gas-disc dispersal, or remain as ice-giants if they form
at the end of the gas-disc lifetime (e.g. Bodenheimer & Pollack
1986; Pollack et al. 1996). The Mars-mass embryos in the ter-
restrial zone are expected to eventually collide and accumu-
late, forming an inner terrestrial planet system (e.g. Chambers
& Wetherill 1998).

There are a number of unsolved problems associated with
this basic picture, in particular when it is applied to giant planet
formation. Perhaps the most pressing is the fact that gravita-
tional interaction between the gaseous protoplanetary disc and
the massive planetary cores causes them to undergo rapid in-
ward migration on a time scale of 10° years for bodies in the
10 Mg range (e.g. Goldreich & Tremaine 1980; Ward 1986;
Ward 1997; Tanaka, Takeuchi & Ward 2002). This process is
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normally referred to as type | migration, and the time scale for
inward drift is an order of magnitude shorter than the time scale
for gas accretion onto a forming gas giant planet (Papaloizou &
Nelson 2005), making it difficult to understand how gas giant
planets form at all before their cores accrete onto the central
star.

There is a substantial body of work that has examined the
interaction between multiple embryos, protoplanets, or fully
formed planets within protoplanetary discs. Direct numerical
simulations have been used to examine the interaction and
growth of planetary embryos (‘oligarchs’) during the oligarchic
growth stage (e.g. Kokubo & lda 2000; Thommes, Duncan
& Levison 2003). Kominami, Tanaka & lda (2005) studied
the formation of sub-Earth mass protoplanets from a plan-
etesimal disc including the effects of type | migration, but
found each protoplanet seed migrated inward before other bod-
ies of comparable mass could form. The formation of res-
onant systems of giant planets has been examined by Kley
(2000), Masset & Snellgrove (2001), Snellgrove, Papaloizou
& Nelson (2001), Lee & Peale (2001), Nelson & Papaloizou
(2002), Kley et al. (2005), often with application to particu-
lar systems such as GJ876 (Marcy et al. 2001). More recently
Papaloizou & Szuszkiewicz (2005) have examined the reso-
nant capture between two protoplanets in the 1-20 Earth mass
range. Thommes (2005) recently studied the effects of a giant
planet on migrating Earth mass cores. He concluded that the
formation of the first planet may be the most important phase of
forming a planetary system, due to the giant’s ability to capture
the smaller cores into resonance, preventing their rapid migra-
tion. The problem of how to form the first planet still remains,
however.

One issue that until now has not received significant atten-
tion is the question of how a swarm of protoplanetary cores,
of Earth mass and above, embedded in a protoplanetary disc
will evolve. The oligarchic growth picture of giant planet core
formation predicts that a number of putative cores will form
approximately coevally within the disc, separated by ~ 8 mu-
tual Hill radii (Kokubo & Ida 2000; Thommes et al. 2003).
Differential type | migration may cause these bodies to un-
dergo close encounters, inducing gravitational scattering and
the pumping of significant eccentricities. It is known that type |
migration can be substantially slowed or even reversed when a
protoplanet attains an eccentricity e>H/r, where H/r is the ra-
tio of disc scale height to radius (Papaloizou & Larwood 2000).
In this paper we address the question of whether mutual inter-
actions within a swarm of protoplanetary cores can excite and
sustain significant eccentricities of the bodies, preventing sub-
stantial type | migration for at least some of the cores over the
disc lifetime.

To address this problem we have performed numerical sim-
ulations using two distinct approaches. First we adapted an N-
body code to include the effects of migration and eccentric-
ity damping of the protoplanets due to the disc. This code al-
lowed us to examine the long time scale evolution of planetary
swarms embedded in protoplanetary discs. Second, we per-
formed 2D hydrodynamical simulations of many-planet sys-
tems embedded in gaseous discs. These could not be run for as
long, but they allowed us to check the results of the modified

N-body simulations. The results of these simulations suggest
that gravitational interaction within a planetary swarm is inef-
fective at maintaining significant eccentricities, due to the very
strong eccentricity damping induced by the disc.

The plan of this paper is as follows. In Sect. 2 we give the
equations of motion. In Sect. 3 we describe the two numerical
schemes and calibrate the hydrodynamics code. In Sect. 4 we
describe the initial conditions, and in Sect. 5 we discuss the
results obtained using the modified N-body scheme. In Sect. 6
we present the hydrodynamic simulations, and compare their
results with those obtained by the modified N-body code. We
give our conclusions in Sect. 7.

2. Equations of motion

A protoplanetary disc undergoing near-Keplerian rotation has a
ratio of scale height to radius H/r < 1072, It is therefore reason-
able to work with vertically averaged quantities and assume no
vertical mation, reducing the problem to two dimensions. We
work in cylindrical coordinates (r, 8, z), with the origin located
at the central star. The continuity equation takes the form
o0x
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while the momentum equation has radial and azimuthal com-
ponents
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In the above, X denotes the surface density which is defined by

2=f pdz

while P is the vertically integrated pressure and f, and f, are
the vertically averaged viscous forces per unit volume in the
radial and azimuthal directions, respectively. Full expressions
for f. and fy are given in Nelson et al. (2000). The radial and
azimuthal velocities are denoted v; and v, and the correspond-
ing angular velocity is given by Q = vy/r. The gravitational
potential @ is given by

(4)
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where M., is the stellar mass, e is a softening parameter, and
the summations are over all protoplanets with masses my. The
subscript ‘p’ denotes quantities evaluated at the location of the
protoplanet. The latter two terms in equation 5 result from ac-
celeration of the coordinate system due to the gravity of the
protoplanets and the protostellar disc. The integral is performed
over the surface area of the disc.

(5)
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Each protoplanet experiences the gravitational acceleration
from the central star, the other protoplanets and the protostellar
disc. The equation of motion for each protoplanet is:
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is the gravitational potential of the disc. The integrals are again
performed over the surface area of the disc. The final term in
equation 7 is the indirect term due to the acceleration of the
coordinate system by the disc; similar indirect terms from the
protoplanets are contained in equation 6.

3. Numerical methods

Two distinct numerical schemes have been used: (i) a full hy-
drodynamic 2D disc model together with embedded planets;
(ii) a much faster N-body code adapted to emulate the effects of
orbital migration and eccentricity damping on the protoplanets
due to the protoplanetary disc. We describe each in turn in the
following sections. In sect. 3.1.2 we present the results of test
calculations that demonstrate the ability of the hydrodynamic
code to produce results in reasonable agreement with previous
results on migration and eccentricity damping.

3.1. Hydrodynamic scheme

We used a modified version of the grid-based code NIRVANA
to conduct the hydrodynamic simulations (Ziegler & Yorke
1997). The code is based on the ZEUS-algorithm (e.g. Stone &
Norman 1992), and uses the monotonic transport scheme (van
Leer 1977) to calculate advection. The code has been applied
to the study of disc-planet interactions in a number of previous
publications, and further details may be found in Nelson et al.
(2000).

We work in cylindrical polar coordinates (r, 6), and adopt a
locally isothermal equation of state such that the pressure, P,
and surface density, X are related by

P=cx. (8)

Here cs is the isothermal sound speed, which is a fixed function
of radius, and is computed according to ¢ = ?)VK, where v
is the Keplerian velocity. The disc models all have aspect ratio
H/r = 0.05.

The disc models are viscous, and we adopt the “alpha’ pre-
scription for the kinematic viscosity v = acsH (Shakura &
Sunyaev 1973). We set @ = 5 x 1073,

The motion of protoplanets within the disc is integrated us-
ing a 5M-order Runge-Kutta scheme (Press et al. 1992). All
bodies and the disc interact gravitationally, but disc self-gravity
is not included as the discs considered here have a Toomre pa-
rameter Q= 30.

3.1.1. Time step control and boundary conditions

When computing the time step size at each time level we first
calculate a *hydrodynamic time step’, Aty, and an ‘N-body time
step’, Atn. The hydrodynamic time step is calculated according
to the standard Courant-Friedrichs-Lewy criterion. The N-body
time step, which is sensitive to the interplanetary forces, is de-
termined according to:

2 .
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where ry; is the distance between particlesi and j. The time step
adopted is then At = min(Aty, At,) Experimentation has shown
that for the N-body system, this approach leads to energy con-
servation per time step of 1 part in 10° for close encounters
between protoplanets, and 1 part in 10'* for more distant en-
counters.

The boundary conditions we adopt are designed to prevent
the reflection of density waves excited by the protoplanets from
the radial boundaries of the computational domain. During the
simulations we solve the equation
dXx X =Xo

dat T R(T).

where X = X(r, 6,1t) is one of surface density %, radial veloc-
ity v, or azimuthal velocity vy. Xp is the initial value of this
quantity, and 7 is the Keplerian orbital period at the inner/outer
boundary. R(r) is a quadratic ramp function that ranges from 1
at the inner/outer boundary to O at a distance of 0.1/0.4 compu-
tational units inside the disc, respectively. (More information
can be found at the website describing the comparison of hy-
drodynamic codes for which this function was introduced?.)
The inner boundary of the disc was set at 0.6. The outer bound-
ary location was dependent on the number and separation of the
protoplanets included, but was such that the distance between
the outermost planet and the outer boundary radius was > 0.4
so that the planet was not in the wave damping region.

(10)

3.1.2. Code calibration and resolution

The simulations must be of sufficient resolution to model the
interaction between disc and protoplanets at Lindblad reso-
nances. For sub-gap opening protoplanets on circular orbits,
resonances associated with large azimuthal mode numbers m >
r/H tend to pile up near the planet, standing-off at a distance of
~ 2/3H due to pressure support in the disk (e.g. Artymowicz
1993a). For protoplanets on eccentric orbits, eccentricity damp-
ing is mainly provided by interaction at co-orbital Lindblad res-
onances, which lie at the position of the planet’s semi-major

2 http://www.astro.su.se/groups/planets/comparison/
description.shtml
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axis (Artymowicz 1993b). We have calibrated the hydrody-
namic code by comparing results from simulations with ana-
Iytic results in the literature.

In the following tests we demonstate the numerical con-
vergence of NIRVANA in simulating orbital migration and ec-
centricity damping due to the surrounding disc, and establish
which resolution is sufficient to model this with reasonable ac-
curacy, while allowing long-term simulations to be performed
on currently available computers. We define the migration time
to be:

o _J

_P_ - 11
Y (11)

tm
where fp is the radial velocity of the planet due to migration,
J is the planet angular momentum, and J is the torque acting
on the planet. We use the migration and damping rates given
by Papaloizou & Larwood (2000) to compare with NIRVANA.
The migration time is given by
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and the eccentricity damping time to = e/€is given by
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where H/r, is the disc aspect ratio, e is the planet eccentricity,
and subscript ‘p’ indicates that quantities are evaluated at the
planet location. M; and My are the Jovian mass and disc mass
contained within 5 AU. The factor fs = 2.5¢/H results from the
potential softening .

Equation 12 shows that the exchange of angular momen-
tum from protoplanet to disc changes sign for eccentricities
> 1.1H/r, indicating a possible reversal of migration. As a re-
sult of this discontinuity, we plot 1/ty,, the inverse of the mi-
gration time scale, rather than t,, in the following figures.

The code calibration simulations described here adopted a
disc model with (r) = Zor%/2, with X, defined such that the
disc had 2 Jupiter masses within 5 AU. The planet was initially
located at r = 1, which for these test calculations was assumed
to be equivalent to 1 AU. The gravitational softening parameter
€ = 0.5H, unless stated otherwise. The planet orbital evolution
due to disc forces was calculated explicitly.

Figure 1 shows the inverse of the migration time ty, versus
eccentricity for a selection of planet masses and three differ-
ent numerical resolutions. Also plotted for each mass is the
inverse of migration time as obtained from equation 12 but
with ty, multiplied by a factor of 3. We find equation 12 consis-
tently predicts migration times that are faster than observed in
the simulations by about a factor of three for low eccentricity,
for the particular value of the gravitational softening parameter
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1x10-8f ! sx10-61
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o

1/t (years™)
o
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Fig.1. The inverse of migration rates vs. eccentricity for four planet
masses. Top left panel — 1M, , top right panel — 5Mg , lower left
panel — 10Mg, , lower right panel -15M,, . Three resolutions were con-
sidered: (150,300) (dashed line), (300,600) (dotted line) & (450,900)
(solid line). Also shown are migration rates predicted by equation 12,
but multiplied by a factor of three (dot-dashed line).

adopted (the role of softening is discussed in sect. 3.1.3). The
two higher resolution simulations clearly demonstrate conver-
gence towards a single solution. There is consistent discrep-
ancy between the hydrodynamic simulations and the migration
times predicted by equation 12 (but multiplied by a factor of
three) at higher eccentricities, with the simulations predicting
shorter time scales for angular momentum exchange by a fac-
tor of two, approximately. In other words, equation 12 predicts
faster migration than the simulations produce by a factor of ~ 3
at low e, and by a factor of ~ 3/2 for high e.

An interesting feature of our test simulations is that we do
not observe the semi-major axes of the planets to increase when
the eccentricity is e > 1.1H/r, although we do see a reversal in
the angular momentum exchange. This is because the loss of
energy by the planet due to eccentricity damping is more than
able to counterbalance the gain in angular momentum, prevent-
ing outward migration as measured by an increase in semi-
major axis. For large values of e ~ 0.5, we observe the mi-
gration to essentially stall until the eccentricity falls to smaller
values, after which inward migration ensues. These two ob-
servations indicate that type | migration can be prevented or
reversed by the excitation and maintenance of significant ec-
centricity.

Eccentricity damping rates are presented in Fig. 2. Overall,
we find very good agreement between our simulations and the
predictions of equation 13. The only region of serious discrep-
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Fig.2.  Eccentricity damping rates t, vs. initial eccentricity.
Protoplanet mass and grid resolution are the same as Fig. 1;
Papaloizou & Larwood’s prescription for e-damping is given as exact
(i.e. no factor of 3 modification). Agreement is strong for e, > 0.07.

ancy is for low eccentricities below e < 0.08. Here we find that
equation 13 predicts faster eccentricity damping than the hy-
drodynamic simulations, being about a factor of three faster for
e < 0.05. Comparing the hydrodynamic simulations with each
other, we again find good agreement between the medium and
high resolution simulations, with the low resolution simulation
predicting slower eccentricity damping rates.

Due to the similarity of the results obtained using (300,600)
and (450,900) grid cells, and the long run times required for the
simulations, it was decided to adopt the former resolution. Note
that these values are for a disc with a radial extent of 0.4 - 2.5
as used in single-body tests; models with differing distributions
of protoplanets require larger discs, and the mesh was adjusted
to keep the same resolution between models.

3.1.3. Influence of the softening parameter

We use softening when calculating the gravitational interac-
tion between disc and protoplanets, as shown in equations 5
and 7. Higher values of e will typically produce longer mi-
gration times for a given numerical resolution (Korycansky &
Pollack 1993). The parameter can thus be used to adjust mi-
gration rates in 2D models, and an appropriately chosen value
of € will give migration rates that are consistent with those ob-
tained for 3D disc models, where the vertical structure provides
a natural softening of the disc potential (e.g. Tanaka, Takeuchi
& Ward 2002; Nelson & Papaloizou 2004).

softening (H/R
0.0 0.2 O.g4< /R

L v/' |
|- / .

2.5%105 — ’/' —

2.0%10%

1.0x10°

5.0x10%

1.0
softening (Ry,)

Fig. 3. Migration time (computed from equation 11) vs. softening for
a body of ~ 5Mg on a fixed circular orbit. Four torque cutoffs are
represented: V2.0 (solid), V1.5 (dotted), 1.0 (dashed) & v2/3 x Ry
(dot-dashed); the latter two overlap. Also plotted is Papaloizou &
Larwood’s prescription for migration rates multiplied by a factor of
3 (triple dot-dashed); Tanaka et al.’s migration rates in 2D & 3D
discs (lower & upper horizontal long-dashed lines); Korycansky &
Pollack’s results with softening parameter = 10~*(shaded triangle).
The peak at ~ 0.1Ry arises when € ~ Ar/2, such that the softening
length coincides with a radial cell boundary.

We have performed a number of test simulations to exam-
ine the influence of gravitational softening on migration and
eccentricity damping rates, and to compare the obtained rates
with values presented in the literature. We have also examined
the effect of excluding material close to the planet from con-
tributing to the force exerted by the disc on the planet. Here we
excluded material from within a region of radius Ry, the planet
Hill radius, and from v2/3Ry, V1.5R4 and V2Ry. The ratio-
nale for this is simply that the simulations presented here are
unable to accurately resolve material which enters the planet
Hill sphere and becomes bound to the planet. If this bound ma-
terial is allowed to contribute to the force on the planet, then its
asymmtrical distribution due to lack of resolution can cause it
to exert a large torque on the planet. The results shown in Fig. 3
indicate that the precise size of this ‘torque cut-off” region does
not strongly influence the results.

Zero softening can give rise to numerical instabililty in hy-
drodynamic simulations where the planet moves through the
computational grid, so we have first examined how simulations
with small softening parameters agree with published results.
Figure 3 shows migration times versus softening parameters as-
suming zero eccentricity. The migration time obtained for soft-
ening € = 104 by Korycansky & Pollack (1993), who solved
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numerically the linearised equations that describe type | migra-
tion, is shown by the shaded triangle at the bottom left of the
figure. The simulations we performed with small softening pa-
rameters show reasonable convergence with this value. Tanaka
et al. (2002) provide equations for the migration rate of plan-
ets in 2D and 3D discs, based on their linear calculations that
neglected softening of the planet potential. These give

1 M, \( M. )[H)\?
th=——[— |[— |[=] @ 14
" 2.32+5.6565(mp)(2prg](rp) P (14)
and

1 M\ ( M, ) (H\
=271 (E)(Epr%)(ﬁ) Q" (o)

respectively for 2D and 3D discs, where 3 is the power-law in-
dex for the surface density profile. The migration time given by
equation 14 is shown by the lower horizontal dashed line, and
that given for 3D discs by equation 15 is given by the upper hor-
izontal dashed line. Additionally, the predictions obtained from
multiplying equation 12 by a factor of three are shown by the
dot-dot-dot-dashed line. It is clear from Fig. 3 that good agree-
ment is obtained between the results for 3D discs presented by
Tanaka et al. (2002), the hydrodynamic simulations, and the
results obtained by Papaloizou & Larwood (2000) scaled by a
factor of three, when the softening parameter ¢ ~ 0.5 — 0.6H.
All subsequent hydrodynamic models thus used e = 0.5H. It is
worth commenting that the non linear dependence of migration
rate on the softening parameter given by equation 12 means that
good agreement is obtained by this expression and equation 15
fore ~ H.

We note that experiments conducted to examine the effect
of softening on the eccentricity damping rates obtained using
NIRVANA showed that the obtained rates were relatively in-
sensitive to softening. Figure 2 shows the agreement obtained
between the predictions of Papaloizou & Larwood (2000) and
NIRVANA when € = 0.5H.

3.2. Modified N-body scheme

The second method used to evolve a population of protoplanets
is a simple N-body integrator with additional terms to model
the effects of type | migration and eccentricity damping. The
integrator used is the same 5" order Runge-Kutta routine as
used in NIRVANA. To best compare the two schemes we re-
strict the N-body code to the (r, 6) plane. We consider three di-
mensional simulations in a forthcoming paper. To prevent the
time step becoming too low, embryos were removed from the
simulation if they fell within 10 Solar radii of the origin.

3.2.1. Migration and eccentricity damping
prescriptions

We wish to adopt migration and eccentricity prescriptions for
use in the N-body code that enable us to follow the evolution
of protoplanets that potentially achieve high eccentricities, and
which also enable us to easily examine the evolution of pro-
toplanet swarms in disc models with differing surface density

profiles. The intention is to model such systems over long time
periods, so that we can effectively extend the run times of the
full hydrodynamic simulations. For the migration time we have
adopted the prescription given by Tanaka et al. (2002), as writ-
ten in equation 15, but modified to include the factor obtained
by Papaloizou & Larwood (2000) to describe the evolution for
large eccentricity:

5
- 2 (M*)( M* )(H)Z[l-i—(%) Qfl (16)
m=ms - —_— —_— .
27+1.18\my )\ Zpa2 )\ r 41°°P
BA\Mp J\ Zpag J\Tp 1_(%)

The test calculations presented in sect. 3.1.2 suggest that this
prescription should give excellent agreement with the hydro-
dynamic simulations for small e, and good agreement for large
e. Similarly, we wish also to adopt an eccentricity damping
prescription that gives good agreement with the hydrodynamic
simulations, and also allows us to calculate the evolution of
protoplanets in disc models with different surface density pro-
files in a simple way. We thus adopt the formula obtained by
Tanaka & Ward (2004) for the eccentricity evolution of low
mass planets in 3D discs appropriate to small eccentricity. To
model the evolution at high eccentricity we modify this formula
by including the factor obtained by Papaloizou & Larwood
(2000) which causes eccentricity damping to decrease at high
eccentricity. The eccentricity damping time te is then given by

Qe (M\( M. Y(HY. 1/ 3] .,
=578 (mp)(zpag)(rp) [“ 2 (ePH) ]QP '
Here Qe ~ 0.1 is a normalisation factor that ensures that equa-
tion 17 gives good agreement with the eccentricity damping
times obtained in the hydrodynamic simulations. To give max-
imum agreement with NIRVANA (see Fig. 2) we apply a lower
bound to eccentricity damping, such that if a protoplanet has
ep < 0.08, the applied damping rate is what would be experi-
enced if the body possessed an eccentricity of 0.08.

We implement the following expressions in the N-body
code as accelerations experienced by the protoplanets due to
the disc, using values of t,, and t. obtained from equations 16
and 17:

(17)

am = —E, (18)
_z‘j';tzr (29)

4., Initial conditions and model units

We first defined planetary initial conditions for the modified N-
body code, and then certain models were rerun with NIRVANA
using the same parameters. We first define the semi-major axis
of the innermost body to be a; = 5 AU. Moving outward, suc-
cessive planet semi-major axes were determined by choosing
mutual separations to be a specified number of mutual Hill
radii. Thus, a;1 = & + NmyRmn Where Ny usually took the
value 4 or 5 (but other values were considered), and the mutual
Hill radius is defined by

) (45

(20)

Rm“z( 3M. 2
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We note that for two planets on initially circular orbits, rapid
instability occurs if the separation A between planets is less
than the critical value

Acrit

=2V3~3.46
R

(21)

(Gladman 1993; Chambers, Wetherill & Boss 1996).
Simulations of oligarchic growth (e.g. Kokubo & Ida
2000; Thommes et al. 2003) suggest that the mutual separation
of protoplanets is normally ~ 8 Ryy. We adopted smaller
spacings to maximise close encounters.

When setting the protoplanetary masses, our normal pro-
cedure was to define the mass of the innermost body (usually
my = 2 Mg), with subsequent bodies having mi;; = my + 2 Mg,
This rather artificial set up was chosen to maximise convergent
migration in the planetary swarms, and hence to maximise in-
teractions between the bodies. Different randomised mass dis-
tributions, however, were also considered, and are described in
the relevant results sections below.

Planetary eccentricities were determined by defining a
mean eccentricity for the planetary swarm, we, and a standard
deviation o, with eccentricities being randomly chosen ac-
cording to a Gaussian distribution. Each body is given a ran-
dom longitude of pericentre.

The distribution of semi-major axes, masses, and values of
Ue and o define a class of model. For each model class five
realisations of the initial data were generated by modifying the
random number seeds, giving rise to five different simulations.
This allows us to gauge which trends in the results are due to
changes in global parameters, and which are due to the stochas-
tic nature of the problem.

The disc was initialised with scale height H/r = 0.05 and
2(r) = Zor %5, where X was defined such that the disc contains
40 Jupiter masses within 40 AU. In NIRVANA simulations the
disc had a viscous parameter of & = 5 x 1073,

Computational units were adopted such that the central
mass M. = 1 corresponds to the Solar mass, the gravitational
constant G = 1, and the radius r = 1 in the computational do-
main corresponds to 5 AU. The inner boundary of the computa-
tional domain for the hydrodynamic simulationswas atr = 0.6,
and the outer boundary was set at a distance > 0.4 computa-
tional units beyond the outermost planet. We report our results
in the physical units of years and astronomical units.

5. Results of modified N-body simulations

We have performed more than 300 modified N-body simula-
tions to examine the evolution of clusters of low mass proto-
planets embedded in a protoplanetary disc. These models in-
volved varying parameters such as initial planetary separation,
initial eccentricities, initial mass distribution, disc mass etc. In
spite of all of this parameter variation, a number of simple
robust outcomes were observed. We present a few individual
simulations below that characterise the range of outcomes ob-
served.

0 5.0x104 1.0%10% 1.5x10% 2.0x10%

time (years)

I
1.0x10%
time (years)

1
1.5%10°

0 5.0x10% 2.0x10°

Fig.4. Evolution of a 10 planet N-body model with the fiducial setup
(see main text). Top: Semi-major axes of the migrating embryos. A
brief period of activity is followed by a long period of migration be-
tween bodies in first-order mean-motion resonances. Bottom: The em-
bryos’ eccentricities over the same time. Damping from the disc pre-
vents eccentricities from growing outside periods of intense activity.

5.1. The fiducial model

We choose one particular model to act as the fiducial case,
against which other models will be compared in subsequent
sections. This model consisted of ten protoplanets, each sepa-
rated by five mutual Hill radii. The innermost planet had mass
m, = 2 Mg, with the planet mass increasing by 2 Mg as
one moves out through the initial swarm, such that the outer-
most planet was 20 Mg. This maximises convergent migration.
The initial eccentricities were such that the mean value was
e = 0.05 and standard deviation o = 0.01. The variation of
semi-major axes and eccentricities for this model are shown in
Fig. 4 for a run time of ~ 2x10° yr. The evolution of the system
proceeds as follows.

At the beginning of the simulation all protoplanets begin to
migrate inward. The differential migration caused by the vari-
ation in protoplanetary masses leads to a convergence of the
orbits, which in turn leads to the formation of mean motion
resonances (MMRs) between pairs of protoplanets. Due to their
closer proximity, the inner pair of planets are the first to enter
an MMR, followed by the third planet catching up with the sec-
ond planet and entering an MMR with it. The fourth planet then
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Fig.5. First order resonances between five of the bodies in Fig. 4. Each plot is labelled (P, P,)-p : g, where P1/P, are the exterior/interior
protoplanets respectively, and p : q gives the commensurability between them; left/right columns show the resonant argument associated with
the exterior/interior body, respectively. Each plot takes the same colour as the corresponding exterior protoplanet in that resonance. Note that

the y-axis differs by 7 in the left and right columns.

catches up with the third planet, and enters a resonance with it,
and so on. This series of ‘stacked” MMRs causes modest exci-
tation of eccentricities, and may push some planets through a
sequence of mean motion resonances (e.g. 6:5, 7:6. 8:7) such
that they undergo a close encounter with their interior neigh-
bour. This leads to scattering of some of the protoplanets early
on in the simulation after a few x10% yr.

In Fig. 4, this scattering leads to a physical collision be-
tween the 8 and 10 Mg, bodies after t ~ 1.5 x 104 yr, causing

them to merge and form a new 18 Mg protoplanet. Thus, the
collision causes one body to be removed from the disc, creat-
ing additional space between the embryos. Collisions between
bodies have a stabilising effect in two ways: first because purely
inelastic collisions tend to damp the eccentricity of the result-
ing body; second because the removal of a body reduces mutual
interactions between embryos.

After about 1.5 x 10* yr into the run, the innermost and
least massive of the embryos scatters during an encounter with
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the adjacent 4 Mg protoplanet, exchanging positions with it.
Subsequent interactions cause this 2 Mg embryo to be scattered
inward due to close encounters with the newly formed 18 Mg
protoplanet and the pre-exisiting 12 Mg body. It then collides
with the 6 Mg, protoplanet, forming a new 8 Mg body. The sub-
sequent evolution is then characterised by inward migration of
the protoplanet swarm, with the system in this case forming a
series of MMRs between each of the planetary pairs, with the
system being driven towards convergence in large part by the
most massive and rapidly migrating 20 Mg, protoplanet located
at the outer edge. The resonances that form in this particular
case are (moving from innermost pair to outermost pair): 8:7,
6:5, 5:4, 6:5, 5:4, 5:4, 5:4. These are broadly consistent with
the resonances obtained by Papaloizou & Szuszkiewicz (2005).
Overall, our simulations show that the 5:4 and 6:5 resonances
are most favoured, where the resonance into which bodies be-
come captured depends on the masses of the bodies, the rate
of convergence of their orbits, and their eccentricities. The ex-
istence of alternating 5:4 and 6:5 resonances also implies the
existence of a 3:2 resonance. The libration of resonant angles
associated with the above commensurabilities are illustrated in
Fig. 5. The resonant angles for a p : q first order resonance are
defined by:

pA1 — QA2 — w1
pA1 — QA2 — w2

¢1
@2

(22)

where 2; and w, are the mean longitude and longitude of peri-
centre of the outer planet, 1, and w, are the equivalent for the
inner planet. The planets in Fig. 5 are labelled from 1 — 10, with
1 being the innermost planet at the beginning of the simulation,
and 10 being the outermost.

A common feature of almost all simulations conducted is a
brief period of readjustment of the protoplanet swarm, which
may lead to scattering of embryos and their mutual collision,
followed by orderly inward migration in which the whole or
most of the system forms ‘stacked” MMRs. The formation of
the MMRs, combined with the strong eccentricity damping
provided by the disc and the occurrence of collisional mergers
prevent the system from developing into a state in which sub-
stantial eccentricities are maintained. The formation of plane-
tary cores and embryos coevally with neighbouring bodies of
similar mass apparently does little to help prevent large scale
type | migration. The eventual fate of these systems appears
to be inward drift into the central star, in the absence of a
stopping mechanism such as an inner magnetospheric cavity
(Lin, Bodenheimer & Richardson 1996). A similar situation
is observed to occur in all ‘realistic’ simulations performed.
Occasionally, a burst of strong interaction between migrat-
ing protoplanets is observed to occur in simulations as they
approach the central star. An example is shown in Fig. 4 at
t ~ 1.75 x 10° yr. This arises when a protoplanet slips out of
resonance and undergoes a close encounter with a neighbour,
resulting in a brief period of scattering and at least one merger
or, occasionally, one body thrown onto an orbita, < 4 AU. The
system, however, quickly returns to an orderly state of inward
resonant migration.

5.2. Effect of increasing initial eccentricities

We have performed numerous calculations for which the aver-
age initial protoplanet eccentricities ranged between 0.1 < e <
0.3, but with semi-major axes identical to those in the fiducial
model described in the previous section. For initial eccentric-
ities at the lower end of this range, the evolution overall was
found to be similar to that presented in Fig. 4, but with a mod-
est increase in the amount of scattering occurring between the
protoplanets during the early stages of the runs. \Very quickly,
however, the protoplanets settle into MMRs involving most of
the swarm, and undergo inward resonant migration. We discuss
such a model below in more detail.

For a qualitative change in the evolution to occur, the initial
eccentricities needed to be around e ~ 0.3, leading to numerous
bodies being orbit crossing at the beginning of the simulation.
These models then display substantially more scattering among
the protoplanets, with some being flung out to large (r > 40
AU) radii. Such initial configurations, however, would appear
to be very unrealistic so we do not discuss them further.

Figure 6 depicts the evolution of a model identical to the
fiducial case described in the previous section, except for a
larger initial eccentricity distribution, with ye = 0.1 (0 = 0.01
as before). Close inspection of Fig. 6 shows that the inner-
most protoplanet, with mass m, = 2 Mg quickly interacts with
its nearest neighbour, leading to them exchanging orbital lo-
cations. The 2 Mg protoplanet undergoes similar interactions
with the other protoplanets and is quickly propelled outward
through the system of embryos until it encounters the outer-
most protoplanets with masses m, = 18 and 20 Mg, respec-
tively. Interaction between the 2 and 18 Mg, bodies leads to the
2 Mg object being scattered into an orbit with a, = 45 AU
and e = 0.75. This orbit crosses that of the 20 Mg, protoplanet,
and subsequent interaction between these two causes the orbit
of the scattered planet to be modified such that 8, = 35 AU
and e = 0.67. During this period of activity, and as an indirect
consequence of it, the 8 and 10 Mg, protoplanets experience a
collisional merger, resulting in the formation of an 18 Mg, body.

Once the initial readjustment of the system is complete,
consisting of orbit exchange, collisional mergers, and scatter-
ing, the system settles into a state of inward resonant migration.
Here, each neighbouring pair of protoplanets forms a MMR as
the swarm migrates inward in lockstep (excluding the outer-
most scattered body at 35 AU), at a rate determined by the to-
tal angular momentum content of the swarm and the total tidal
torque acting on the bodies due to the disc. The final arrange-
ment of the protoplanets in Fig. 6 is similar to those shown
in Fig. 4, the resonances being 7:6, 5:4, 5:4, 5:4, 6:5, 6:5 &
4:3 working outward from the interior. Again the resonances
are predominantly 5:4 and 6:5, with a closer resonance at the
leading edge of the swarm where the smallest remaining body
is pushed ahead of the group. Although resonant interaction
between protoplanets leads to eccentricity excitation, the disc
provides sufficient damping that the eccentricities remain small
(e < 0.03). This fact, combined with the resonant configuration
which helps prevent close encounters, means that no further
scattering between protoplanets occurs, and the system evolves
inward, eventually migrating into the central protostar.
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Fig. 6. As Fig. 4, but for a model with a higher initial eccentricity distribution (ue = 0.1 compared to pe = 0.05 previously). Resonant migration
dominates again once the excited body has been scattered beyond the system of protoplanets. The two plots to the right detail the evolution of

the main population.

Considering both the models depicted in Figs. 4 and 6, only
the scattered body in the latter has the possibility to survive be-
yond the dispersal of the disc to remain a bound planet. Its large
eccentricity substantially slows inward migration, while the re-
duced surface density at large radii naturally produces a slower
migration rate and damps the eccentricity more slowly. If the
disc were to disperse within ~ 108 yr, it would be left as the sole
surviving planetary body. It is interesting, however, to speculate
how such a body would evolve immediately after being scat-
tered. One possibility is that after its eccentricity has damped,
it could accrete rapidly much of the surrounding solid material
that would be in the form of smaller bodies. Without the com-
petition of neighbouring bodies of similar size, it could grow to
become a massive planetary core with mass > 15 Mg and sub-
sequently accrete gas becoming a gas giant. Such a scenario
has been discussed recently by Weidenschilling (2005).

Our simulations strongly suggest that a group of protoplan-
etary cores that form coevally within a laminar protoplanetary
disc will generally spiral into the central protostar, probably in
resonance with some or all of the other bodies. Scattering may
allow one or two relatively low mass, easily displaced bodies
to survive, through relocation onto larger orbits, but survival
still depends on the disc lifetime and the accretion history of
the remaining planet. It seems clear that interactions between

a cluster of protoplanets is unable to maintain sufficient eccen-
tricity against disc damping such that type I migration can be
reversed or substantially slowed.

5.3. Effect of decreasing initial protoplanet separations

We have performed numerous runs for which the initial mutual
separation between protoplanets was reduced from 5 to 4 Ryy.
Overall, modestly decreasing the initial separation between the
protoplanets has a similar effect to modestly increasing their
eccentricities: a noticeable increase in the number of scatter-
ing events and orbital exchanges during the early stages of the
evolution. Once again, however, resonant inward migration to-
ward the central star ensues after this initial period of readjust-
ment. One outcome of these runs, that is more common when
the initial separations are smaller, is the formation of 1:1 res-
onances, in which two planets enter and maintain a configura-
tion in which they are in mutual horseshoe or tadpole orbits.
For initial separations Ag = 5 Ry such configurations occur in
~ 20% of the runs. This figure rises to ~ 80% when Ay is re-
duced to 4 Ryy. Note these numbers apply to systems in which
1:1 resonances formed and survived for the duration of the run.
Additional runs showed the formation of 1:1 resonances dur-
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Fig.7. As Fig. 4, but with initial separations Ag of 4 Ry between
the protoplanets. Resonant migration again dominates, but now with
two pairs of co-orbital protoplanets. These two pairs lie in a 3:2 mean
motion resonance, a consequence of the 14 Mg body displacing the
inner pair at 3.1 x 10* yr without breaking the commensurability. The
bottom plot shows a detailed view of the active period following intial
settling.

ing the early stages of readjustment, but these sometimes did
not survive.

Figure 7 shows the evolution of a model where the proto-
planets were initially separated by 4 Rny , but was otherwise
identical to the fiducial run described in sect. 5.1. A striking
feature is that resonant migration dominates at late times, and

11

the change in separations has not altered the ultimate fate of the
bodies: absorption by the protostar. Closer inspection shows the
14 M, (orange line) body migrating through the protoplane-
tary swarm through a sucession of orbital exchanges with inte-
rior protoplanets. These exchanges occur when two protoplan-
ets enter each others’ horseshoe regions, such that a close en-
counter causes the protoplanets to effectively swap orbits.

Another striking feature shown in Fig. 7 is the formation
of 1:1 resonances by pairs of protoplanets. One example is the
formation of such a configuration by the 12 M, (green) and 16
Ms (purple) protoplanets at ~ 2.7 x 10* yr; the smaller body
is scattered into the horseshoe region of the larger, resulting in
the horseshoe libration of these two protoplanets. Over a pe-
riod of <10* yr, the libration amplitude decreases due to disc
interaction, causing the planets to become more stably trapped
in the 1:1 resonance. The horseshoe orbits eventually become
tadpole orbits, with the protoplanets becoming ‘trojans’ that li-
brate with small amplitude about the mutual L4 and Ls points.
This explains why the purple line in Fig. 7 becomes obscured
by the green line.

Another co-orbital resonance forms between two 8
Mg bodies, one of which is formed through collision at =~
7.2 x 102 yr. Rather than following the gradual reduction of
libration width described above however, in this instance the in-
ner body is scattered almost directly into the path of the other,
and the two begin small amplitude librations almost immedi-
ately. This arrangement is so stable that after the approaching
14 Mg, body displaces the pair to larger radii, they immediately
resume their co-orbital status. A small reduction in libration
width is visible as the pair settle back into their mutual L4/Ls
points at ~ 3.1 x 10% yr.

Trojan planets have much the same effect as collisions in
speeding the onset of resonant migration, effectively reducing
the radial number density of bodies in the disc by having two
bodies share very similar orbits. In this instance, the collisional
merger (which removes the excited lowest mass protoplanet)
and the formation of two co-orbitals, leaves only seven distinct
orbits remaining, and resonant migration ensues once the the
14 Mg body’s inward journey through the population stops.
Despite the initially reduced separations, the resonances are
essentially unchanged from previous models, with (starting at
the inner edge) 6:5, 5:4, 5:4, 6:5, 5:4 & 6:5 MMRs between
each pair. Note the alternating 5:4/6:5 structure produces four
additional 3:2 resonances, one of which is between the two
co-orbital pairs. This run is typical of other simulations with
Ao = 4 Ry, Which produced very similar resonant structures
to the previously considered models. The only significant dif-
ference between models with the two different separations is
the profusion of long-lived trojan planets.

5.4. Effect of increasing initial separations

Simulations of the earlier stages of planet formation, including
the oligarchic growth phase and beyond, indicate that massive
planetary embryos tend to form with spacing in the range 7 —
10 Rpy. It is not clear whether the abundance of 5:4 and 6:5
MMRs that arise in the simulations discussed so far are a re-
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sult of the initial close proximity of the protoplanets we have
adopted. We have performed numerous simulations with larger
separations between the protoplanets, with values ranging from
6 — 10 Ry, to investigate the outcome in this more realistic sit-
uation.

Separations of 6 Ry and greater allow differentially mi-
grating protoplanets to pass through more distant first-order
resonances such as 2:1 and 3:2. Nonetheless, neighbouring
planets were never observed to become trapped in these. The
5:4, 6:5 and 7:6 resonances were still favoured because of the
masses and convergence rates of the bodies. This is in ba-
sic agreement with Papaloizou & Szuzskiewicz (2005) who
find formation of 2:1 and 3:2 resonances only when the planet
masses are very similar, reducing the differential migration
rate. Overall the runs with 6 Ry to 10 Ry separations evolved
in a similar fashion to the fiducial run described in sect. 5.1,
with only a modest decrease in the amount of scattering, strong
interactions and collisions observed.

5.5. Effect of changing mass distribution

The assumption that the protoplanetary masses increase mono-
tonically as one moves outward in the disc, adopted by the runs
discussed so far, is clearly open to question. Such a scenario
is unlikely to occur in reality, and was adopted in our previ-
ous runs to maximise the convergence between neighbouring
planets and increase the likelihood of strong interactions and
scattering. In fact, it may be argued that if planet formation
proceeds more rapidly in inner regions of the disk, where the
dynamical time is shorter, then perhaps one should assume that
protoplanet masses increase as one moves inward. This sce-
nario, however, would lead to little interaction between the bod-
ies as type | migration would cause the inner planets to runaway
from the outer ones. Given that planetary accretion is a stochas-
tic process, it is not unreasonable to examine randomised mass
distributions.

We have performed numerous simulations in which the
mass of the planet at each semi-major axis is chosen randomly
from a Gaussian distribution with well defined mean and stan-
dard deviation. Typically we chose the mean to be in the range
5-10 Mg, with the standard deviation being 3—6 Mg, usually
subject to lower and upper mass cut-offs of 2 and 20 Mg. There
are two significant differences that occur in these runs com-
pared with those that have been described previously. The first
occurs when two neighbouring bodies have significantly differ-
ent masses, with the more massive protoplanet being the outer
one. Rapid convergence of the orbits caused by strong differ-
ential type | migration in this case can lead to scattering rather
than resonant trapping, and in general we observe more scat-
tering and collisions in the runs with randomised mass distribu-
tions. A similar tendency for non gap forming planets with sub-
stantially differing masses to scatter was noted by Papaloizou &
Szuszkiewicz (2005). Second, when the outermost planet is no
longer the most massive and resonantly driving the rest of the
swarm toward convergence, we find that inward resonant mi-
gration still occurs, but resonantly migrating planets now form
distinct groups that migrate collectively at different rates.
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Fig.8. As Fig. 4, but with a Gaussian mass distribution for the pro-
toplanets. From the object at smallest initial radius, to the nearest 0.1
M, the masses of the bodies are 13.8, 9.8, 17.6, 14.2, 8.5, 19.4, 2.9,
10.6, 14.7 & 6.6 Mg . The non-monotonic distribution of migration
rates causes the population to fragment into smaller resonant groups.
The 2.9 Mg, body (orange) is excited rather than captured by the neigh-
bouring 10.6 Mg embryo (purple), but is subsequently able to form a
stable resonance with another body of comparable mass.

Figure 8 shows the results of one simulation in which the
mass distribution has a mean of 10 Mg, and standard deviation
of 6 Mg. The masses of each body are listed in the caption of
Fig. 8. The 2.9 Mg (orange line) body is briefly trapped in the
8:7 MMR with the 10.6 Mg (purple) planet, but the resonance
breaks att ~ 2.5x10%yr. The lighter body is then scattered out-
ward before being caught in a stable MMR with the outermost
6.6 Mg (yellow) body.

We note that the mass ratio of the 2.9 and 10.6 Mg bodies
is ~ 0.27. Examining our simulations as a whole, we find that
the probability of scattering occurring between two neighbour-
ing bodies, rather than prolonged resonant migration, is in-
creased significantly when the two bodies possess a mass ratio
Om < 0.40 — 0.43. For values of qm below 0.4 scattering be-
comes almost certain. This is simply due to the enhanced dif-
ferential migration rate that can cause planets to traverse the
stable mean motion resonances and scatter after a close en-
counter. The lack of 9:8 MMRs suggests that the 8:7 MMR is
the last stable resonance that the low mass planets can occupy
without scattering, at least for the parameters that we study in
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Fig.9. As Fig. 4, but for a model with 20 protoplanets separated ini-
tially by 5 Rpq. The protoplanets have reduced masses 1 Mg, 1.5 Mg,
2 Mg,..., 10.5 Mg, reflecting an earlier period of growth. The middle
and bottom plots show the eccentricities of the initially inner and outer
ten bodies, respectively. Collisions increase protoplanet masses and
cause the formation of several smaller resonantly migrating groups.

this paper. The recent study of resonant capture by Papaloizou
& Szuszkiewicz (2005) did occasionally find 9:8 and even 10:9
resonances forming, but the presence of additional planets in
this work may render such configurations unstable.

The subsequent evolution involves resonant inward migra-
tion. Figure 8 shows that the planets have divided into three dis-
tinct groups, migrating inward at different rates. The innermost

group is being driven largely by the 19.4 Mg, (green) proto-
planet. The middle group of two planets migrates more slowly
and is driven by the 14.7 Mg (cyan) protoplanet. The outer
group migrates the slowest and is driven by the 6.6 Mg body.
We note that scattering and collisional mergers in the previous
runs described, where the initial mass distributions are mono-
tonically increasing with orbital radius, do lead to periods of
evolution during which groups of protoplanets migrate at dif-
ferent rates. In these cases, however, the presence of the most
massive and rapidly migrating planet at the outer edge of the
swarm ensures that — unless collisions have created a massive
body in the middle of the swarm — these resonant groups are
eventually driven to form a single resonantly migrating group.

5.6. Effect of changing protoplanet number

We have performed simulations in which we varied the num-
ber of protoplanets, running cases with five and twenty bodies
rather than the default number of ten. In general, decreasing the
number down to five results in less scattering and fewer colli-
sions, with the system quickly settling into a mode of resonant
inward migration.

Increasing the number of bodies to twenty results in more
scattering and collisions during the early phase of readjust-
ment, but the system again settles into a prolonged period of
resonant, inward migration. Such a run is shown in Fig. 9. Runs
with larger numbers of bodies indicate that stable resonant mi-
gration cannot occur for more than ~ 10 — 12 protoplanets in
resonance. Instead, collisions and the creation of more massive
bodies break up large resonant groupings into smaller clusters
of protoplanets, each with a similar or fewer number of bodies
to the models presented in other sections.

5.7. Effect of decreasing disc mass

The main obstacle to sustaining the high eccentricities needed
to halt migration in these models is two-fold: strong eccen-
tricity damping by the disc, and inelastic collisions. In each
of Figs. 4 and 6 — 9, no more than one body ever achieves
— let alone sustains — an eccentricity greater than 0.1 (bar-
ring instantaneous increases — the large spikes — due to close
encounters). With this seemingly the main obstacle to main-
taining an excited population of embryos, a series of simula-
tions were run with lower (gaseous) disc masses. If planet for-
mation occurs late on during the life of the gas disc, after it
has largely accreted onto the central star or is being dispersed
through U.V. photoevaporation, then the gas-solids ratio could
be significantly lower than assumed in our previous runs, de-
creasing damping and migration rates.

It was found that decreasing the surface density (disc mass)
to 0.5x the default model did produce more scattering and col-
lisions in about twice as many models as before. The scattering,
however, usually involved only two or three excited bodies, as
found in previous models. Increasing initial eccentricities cre-
ated sufficent early mixing so that the active period of the popu-
lation was prolonged considerably in some models, though this
extra activity, prolonged or otherwise, led to extra collisions
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Fig.10. As Fig. 4, but for a model with reduced (gaseous) disc mass.
Eccentricity damping (and migration rates) are reduced by a factor of
5, but collisions reduce the total number of bodies while eccentricity
damping is still too strong for mutual interactions to excite the popu-
lation.

and thus a greater number of isolated migrating bodies. Only
when the disc mass was reduced to 0.2x the mass of the de-
fault disc did considerable activity spontaneously develop from
a low-eccentricity population; but once again this inevitably led
to collisions and resonant migration. Such a run is shown in
Fig. 10, and illustrates the potential importance of collisions
in maintaining a dynamically cold population of protoplanets.
We note that 2D runs overestimate the collision frequency, so
this result may change in 3 dimensions. No evolution involving
sustained scattering to high eccentricities and stalled migration
was observed for disk mass reduction factors of > 0.2.

5.8. Effect of reducing e-damping efficiency

To examine the role of eccentricity damping further in deter-
mining the evolution of a swarm of planetary embryos, we
performed numerical experiments for which the eccentricity
damping rates were artificially decreased by a factor § in equa-
tion 17. Ultimately we found that fq<0.2 was required before
scattering occurred in quantities substantially above those seen
for the unaltered rate, in agreement with the reduced disc mass
models; otherwise resonant migration dominated completely.
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Fig.11. As Fig. 4, but for a model with eccentricity damping (equa-
tion 5) reduced by a factor of 50. Scattering of only ten bodies is
now self-sustaining over ~ 10° yr, redistributing bodies throughout
the disc. Without energy losses to the disc, migration is reversed at
even moderate eccentricities.

Below this value, eccentricities were frequently sustained at
ep ~ 0.1. Decreasing damping rates by fy<0.1 we found sus-
tained eccentricities 0.1 < e, < 0.3 to be common throughout
the population, and multiple embryos were frequently moved
onto larger orbits or ejected completely. This was also sufficent
for prolonged orbit crossing even when separations between
remaining embryos have been increased by the loss of other
embryos from the swarm.

A run with fg = 1/50 is shown in Fig. 11, showing pro-
longed excitation of the protoplanetary swarm, and long peri-
ods of outward migration arising because large eccentricities
are maintained over long times. Because the disc is no longer
effective at damping eccentricities, migration is able to reverse.
Such a situation leads to lifetimes of t ~ 108 yr for bodies in
the disc. This confirms that the main action of the disc is to
prevent eccentricity growth among a population of protoplan-
ets, leading to an absence of scattering and the ineffectiveness
of mutual perturbations at raising eccentricities.

6. Results of hydrodynamic simulations

The results from the modified N-body simulations presented in
previous sections show that a number of interesting phenom-
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ena arise in the evolution of a swarm of low mass protoplanets:
a modest degree of scattering between protoplanets; orbital ex-
change between protoplanets; collisional mergers; large-scale
resonant migration involving numerous bodies; formation of
1:1 resonances leading to ‘tadpole planets’; eventual migra-
tion of the swarm into the central protostar. We now present
results of hydrodynamic calculations that directly simulate the
evolution of similar protoplanetary swarms. Given that the pre-
scriptions used in the modified N-body simulations, to describe
the disc-planet interaction, were normalised to the results of
hydrodynamic simulations, it is not surprising we find a simi-
lar range of phenomena emerging from the full hydrodynamic
simulations. Inevitably, the hydrodynamic simulations are less
conclusive about the long-term behaviour of the protoplanet
swarms due to restrictions on the run times currently possible.
Indeed, we are forced to halt most simulations at the point when
the innermost protoplanet enters the damping region close to
the inner boundary of the computational domain. This is lo-
cated at a radius of 3.5 AU in the plots shown in the following
sections.

6.1. A fiducial hydrodynamic simulation

The initial conditions of this simulation are designed to be as
close as possible to those for the fiducial modified N-body sim-
ulation described in sect. 5.1. The initial interplanetary separa-
tion was 5 Ry, and the initial eccentricies were Gaussian dis-
tributed with mean ue = 0.05 and standard deviation oe = 0.01.
The masses are distributed by setting the innermost protoplanet
mass to 2 Mg, and increasing subsequent masses as one moves
out through the swarm by 2 Mg, such that the outermost body
has 20 Mg. The evolution of the semi-major axis and eccen-
tricity distribution is shown in Fig. 12, covering a run time of
~ 3.5 x 10* yr, which should be contrasted with the run times
of > 10° yr possible with the modified N-body runs.

The evolution of the semi-major axes in the upper panel
of Fig. 12 shows that the outcome is ultimately determined
by resonant inward migration. The first 5 x 1 yr are charac-
terised by the protoplanets undergoing differential inward mi-
gration, leading to convergence of their orbits and formation of
mean motion resonances between planetary pairs. The system
remains relatively quiescent until after ~ 1.5 x 10* yr when
the 6 M, (olive green) and 8 Mg, (red) bodies collide during a
period when the inner protoplanets undergo a burst of stronger
interaction leading to a momentary increase of eccentricities
up to e, =~ 0.05 — 0.08. The resulting 14 Mg body resonantly
drives the 4 Mg body inward, ultimately leading to a collisional
merger between the two innermost bodies.

At the end of the run the system consists of 8 protoplan-
ets undergoing resonant inward migration. The two innermost
bodies form a separate resonance and are moving away from
the larger group. The main MMRs in the population are found
to be 5:4 and 6:5 commensurabilities, as found in the N-body
runs, giving rise to a 3:2 resonance between the 14 Mg (or-
ange line) and 12 Mg, (green) bodies which are each adjacent
to the 10 Mg (dark blue) protoplanet with which they are also
in resonance. Another 3:2 resonance forms between the out-
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Fig.12. Evolution of a model of ten bodies using the NIRVANA hy-
drodynamic code, similar to Fig. 4. Collisions remove smaller, eas-
ily perturbed bodies as differential migration produces a successively
more crowded system, until stable resonances form and the group mi-
grate inwards at a single rate. As in the majority of N-body integra-
tions, no body achieves and sustains e, > 0.1.

ermost 20 Mg (yellow) and 16 Mg (purple) bodies following
the disturbance at ~ 1.7 x 10% yr. Prior to collisions the in-
nermost protoplanets were typically in 7:6 MMRs. These num-
bers are in broad agreement with the simulations performed
by Papaloizou & Szuszkiewicz (2005) who find that low mass
protoplanets tend to form commensurabilities in the range 4:3
— 8:7, depending on the rate of convergent migration. As found
in the N-body results, the eccentricities typically remain below
e < 0.03 except during close encounters, after which the disc
quickly damps the eccentricty down to a background value of
e < 0.03. Thus, the combination of mean motion resonances
and strong disc damping appears to prevent the system main-
taining a dynamically excited state in which high eccentricities
can prevent rapid inward type | migration. Although it cannot
be claimed with certainty that the interesting phase of evolution
is over in Fig. 12, the N-body runs suggest that this system will
undergo large-scale inward resonant migration resulting in the
protoplanets entering the central protostar.
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Fig.13. As Fig. 12, but with higher initial eccentricities, similar to
Fig. 6. All surviving bodies end the run in 5:4 and/or 6:5 resonances
with adjacent protoplanets, while a co-orbital system forms and re-
mains stable until the end of integrations, over > 2.93 x 10* yr later.
Rapid eccentricity damping is clearly visible early on in the 4 (light
blue), 6 (olive green) & 2 M, (black) bodies; only the former acheives
€ >0.1.

6.2. A hydrodynamic run with larger initial eccentricity

We now present the results of a simulation which is very similar
to that presented in the previous section, except that the eccen-
tricities are Gaussian distributed with mean ue = 0.1 and stan-
dard deviation o = 0.01. The results are shown in Fig. 13, and
one is again struck by the inward migration of the protoplanet
swarm. Interestingly, the evolution in this case displays less
scattering than the lower eccentricity run described in sect. 6.1,
and results in fewer collisional mergers. Inspection of the lower
panel in Fig. 13 shows that the initial eccentricities are quickly
damped by the disc.

The scattering activity that does occur in this run is com-
pleted within 6 x 103 yr. Initially we observe that the 2 Mg
(black line) and 4 Mg (light blue) planets scatter and move
apart, which ultimately results in the formation of a 1:1 res-
onance between the scattered 4 Mg protoplanet and the 8
Mg body. The initial horseshoe orbits that form quickly evolve
to become tadpole orbits at L4 and Ls. This system then remains
stable over the full run time of the simulation.

A sole collision occurs later at ~ 2.4 x 10* yr between the
2 and 6 M, (olive green) protoplanets. This is a result of the 6
Mg body being resonantly driven inward by the more rapidly
migrating exterior planets after ~ 1.3 x 10% yr, breaking the 5:4
resonance between the 2 and 6 Mg, bodies.

Once the initial phase of scattering is complete, the system
settles into a state of resonant inward migration. Examples of
the resonances that are formed are shown in Fig. 14, which dis-
plays the two resonant angles associated with each first order
resonance (defined by equation 22). The planets in this plot are
labelled from 1 — 10, with 1 being the innermost planet at the
beginning of the simulation and 10 being the outermost. Note
that the existence of alternating 5:4 and 6:5 resonances implies
the existence of a 3:2 resonance between pairs of planets that
are not adjacent to one another, but are separated by another
planet. Examples of this are shown in Fig. 14. One particu-
larly interesting feature of the resonances displayed in Fig. 14 is
those involving the co-orbital planetary system, which consists
of protoplanets 2 and 4. It can be seen that protoplanet 5 forms
a 5:4 resonance with the tadpole planets 2 and 4. Protoplanet 6
forms a 6:5 resonance with planet 5. This results in 3:2 reso-
nances forming between protoplanet 6 and tadpole protoplanets
2 and 4.

N-body simulation results like those presented in earlier
sections strongly suggest that the long-term evolution of the
protoplanets shown in Fig. 13 will be resonant inward migra-
tion into the protostar.

6.3. A hydrodynamic run with smaller initial
separations

We performed a hydrodynamic run with initial protoplanet sep-
arations reduced from 5 to 4 Rny. In other respects this model
set up is the same as the fiducial hydrodynamic run described in
sect. 6.1. The evolution of the semi-major axes and eccentrici-
ties are shown in Fig. 15. Comparing this figure with Figs. 12
and 13 shows that the system immediately shows greater in-
teraction between the protoplanets. A number of features show
close resemblance to phenomena observed in the modified N-
body runs. First, the innermost planet undergoes a number of
close interactions with exterior protoplanets, resulting in repet-
itive orbit exchange and eventually collisonal merger. Although
not obvious from Fig. 15, this collision occurs with the 10 Mg
(dark blue line) body orbiting at ~ 5.5 AU. Second, the 14
Mg, protoplanet (orange) undergoes a number of close encoun-
ters and orbital exchanges with interior planets, moving inward
by ~ 2 AU in =~ 2 x 102 yr. Third, the 8 Mg, (red) body is repet-
itively scattered outward, and forms a 1:1 resonance with the
12 Mg protoplanet, which quickly evolves from a horseshoe to
a tadpole orbit. These configurations are usually highly stable,
as shown by the N-body simulations and the hydrodynamic run
shown in Fig. 13. In this case, however, the tadpole planets are
disrupted by a close encounter which returns the two to horse-
shoe orbits and eventually leads to the dissolution of co-orbital
motion.

Once the initial period of orbital readjustment and colli-
sions has come to an apparent end, the system reverts to the
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Fig.15. As Fig. 12, but with reduced initial separations Ag = 4 Ry,
similar to Fig. 7. The excitation and subsequent collision of the small-
est body is repeated from some N-body runs (c.f. Fig. 4), and a co-
orbital system forms for > 1.7 x 10* yr. Long-term stable resonances
are predominantly 5:4 and 6:5. More massive bodies progress inwards
by displacing smaller protoplanets to larger radii.

usual process of resonant inward migration. In this case inte-
grations end with three separate groups on diverging orbits: one
consists of the outer five protoplanets and another comprises
the inner two, with the lone 14 Mg body between them. The
remaining resonances are again mostly 5:4 and 6:5 in nature.

6.4. A hydrodynamic run with smaller separations and
larger eccentricities

We performed a hydrodynamic run with initial mutual sepa-
rations between the protoplanets of 4 Ry , and initial eccen-
tricities Gaussian distributed with mean pe = 0.1 and standard
deviation o = 0.01. The evolution of semi-major axes and
eccentricities are shown in Fig. 16. The evolution once again
follows a now familiar path of initial close encounters, gravita-
tional scattering, and collisional mergers. Of note is the 12 Mg
(green line) protoplanet, which exchanges orbits with the 16
Mg (purple) body whilst it is undergoing horsehsoe librations
with the 14 Mg, (orange) protoplanet, resulting in the 12 and 16
Mg bodies undergoing horseshoe orbits instead. This associa-
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Fig.16. As Fig. 15, but with the increased initial eccentricities of
Fig. 6 (ue = 0.1). Compare this and Fig. 15 with Figs. 12 & 13; in both
pairs of models, the run with higher intial eccentricities does little to
raise the number of encounters beyond the first 3000 years.

tion is eventually broken by forcing from the approaching 18
Mg body.

In this particular example this early phase of evolution has
not reached completion before the innermost planet reaches the
inner boundary of the computational domain. The integration
was continued for a short time to allow the outer seven bodies
to relax, indicating a possible evolution and sequence of res-
onances for the population of protoplanets, and halted shortly
afterwards.

6.5. A hydrodynamic run with a randomised mass
distribution

We performed a single run for which the initial mass of each
protoplanet was drawn from a Gaussian random distribution,
with mean um = 10 Mg and standard deviation oy, = 6 Mg,
The initial mutual separation was 5 Ry and the initial eccen-
tricities were Gaussian distributed with mean ue = 0.05 and
standard deviation o = 0.01. The evolution of semi-major
axes and eccentricities are shown in Fig. 17.

The results presented in Fig. 17 are in basic agreement with
the equivalent N-body runs that we performed. The effect of
randomising the protoplanet masses is to increase slightly the
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Fig.17. As Fig. 15, but with with a randomised, Gaussian protoplanet
mass distribution, similar to Fig. 8. Working radially outwards through
the initial distribution, to the nearest 0.1 Mg, the bodies have masses
95,141, 8.8,5.4,49,11.2,2.4,5.9, 18.0 & 10.7 M. As in the N-
body case, the non-sequential arrangement of masses causes the pop-
ulation to split into several resonant groups, while scattering only oc-
curs between bodies with mass ratios greater than ~ 2.5.

degree of scattering and strong interactions. This happens in
part due to the more rapid convergence of orbits when two
objects of significantly differing mass and migration rate are
formed adjacent to one another, with the exterior object be-
ing the heavier one. This can lead to the formation of a closer
resonance, or allow the planets to pass through successive res-
onances without being trapped, leading to gravitational scatter-
ing. Another outcome of randomising masses is that the global
migration of the protoplanetary swarm, which occurs once the
initial period of orbital readjustment and collisions is complete,
tend to occur in distinctly migrating groups which form sepa-
rate resonant populations within the swarm.

The existence of three separate resonantly migrating groups
of protoplanets can be observed in Fig. 17. The two interior
most planets form one group, with the exterior planet of the two
being 14 M. (These bodies quickly move into the damping re-
gion, but their subsequent evolution does not affect the other
protoplanets due to the large separation between them, and the
integration was allowed to continue. This pair are not plotted
after the inner body enters the damping zone.) The next group
consists of six bodies, two of which are in a 1:1 horseshoe reso-

nance. This group can be observed to be migrating more slowly
than the interior resonant pair of planets. After passing through
the 6:5 and 7:6 MMRs, the outer two planets form a stable 8:7
resonance at ~ 2 x 10* yr. Their moderate masses (see text ac-
companying Fig. 17) mean they will fall behind the other bod-
ies as resonant migration drives the large central group rapidly
inwards.

The 1:1 resonance that forms in this case is an interesting
example as it takes longer to evolve from horsehoe to tadpole
orbits than co-orbital planets do in other simulations. We note
that this pair of planets are the heaviest (18.0 Mg, cyan) and the
lightest (2.4 Mg, orange) in the simulation, and as such have the
greatest difference in their migration rates. The strong differen-
tial migration may explain the extended period of time spent
in the horsehoe configuration, as the transformation to tadpole
orbits occurs when the migration rate of the pair is slowed as
they join the inner resonant group.

We remark that, given the chaotic nature of these systems,
we would not expect to see quantitative agreement between the
hydrodynamic and modified N-body simulations. Nonetheless,
qualitative agreement between the different models is obtained
when we consider the simulations as a whole. Common to all
models is the strong propensity for the protoplanet swarms
to settle into a state of resonant inward migration. Only very
rarely (~ 2%) do we see a protoplanet get ejected to a much
larger semi-major axis such that its lifetime in the disc is sub-
stantially increased. This has not been observed in any of the
hydrodynamic runs, which may be a consequence of not be-
ing able to run for long enough or because its occurrence is too
rare. During the first few x1G yr, most of the simulations show
that the initial orbital configuration readjusts, leading to grav-
itational scattering, orbital exchange, collisional mergers, and
formation of 1:1 resonances. Very quickly, however, the system
settles into a prolonged period of inward migration. Strong ec-
centricity damping and the existence of numerous mean motion
resonances prevent further close encounters and gravitational
scattering from occurring, and ensures that the probable end
result is migration of the protoplanets into the central protostar.

7. Conclusions

We have presented the results of simulations, performed using
two different numerical schemes, that examine the evolution
of swarms of low mass protoplanets embedded in a protoplan-
etary disc. We employed a modified N-body scheme that in-
cluded analytic prescriptions for modelling migration torques
and eccentricity damping due to disc interaction, and calcu-
lated the evolution of the systems for times exceeding 10° yr.
We also performed hydrodynamic simulations of similar sys-
tems to verify the modified N-body results. These runs were un-
able to follow the evolution for times exceeding 4 x 10* yr, due
to the high computational cost of running long-term hydrody-
namic simulations. The results produced by the two simulation
methods, however, were found to be very similar during the
earlier phases of the evolution, suggesting that the long-term
behaviour predicted by the modified N-body code is reliable.
A primary motivation for performing this study was to ex-
amine whether interactions between low mass protoplanets em-
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1=1,286

t=11,180

Fig.18. A series of surface density plots of the simulation shown in Fig. 12. The time in years of each snapshot is shown above each plot. The
protoplanets are represented by white circles, with size proportional to mass.

bedded in a protoplanetary disc could lead to the growth and
maintenance of significant eccentricies (i.e § > 0.1). It is
known that type | migration, associated with low mass pro-
toplanets, can be slowed or even reversed when eccentric or-
bits are maintained (Papaloizou & Larwood 2000), and an out-
standing question was whether gravitational interactions within
a protoplanet swarm could allow at least some planets to sur-
vive in the disc for extended time periods. The results of our
simulations indicate that this is not possible, chiefly because
the disc-induced eccentricity damping is too strong (by more
than a factor of ten).

The simulations gave rise to a number of dynamical phe-
nomena that occurred commonly in the runs, which followed
similar evolutionary paths overall despite variations in the ini-
tial conditions. A typical evolutionary sequence can be de-
scribed as follows: the protoplanets begin to migrate inward

differentially due to their different masses and migration rates.
Convergence of the orbits leads to mean motion resonances be-
ing established between pairs of planets, with resonances in-
volving numerous bodies being common. Close encounters be-
tween a few bodies during this early stage leads to gravitational
scattering, orbital exchange between adjacent bodies, and oc-
casional collisional mergers. Pairs of planets were often found
to form 1:1 resonances, beginning with horseshoe orbits which
quickly evolved into stable tadpole orbits, that usually survived
for the duration of the simulation. Once this period of initial
readjustment is over, typically within 5x 10* yr after the begin-
ning of the simulation, the system settles into a state in which
the protoplanets are trapped in mean motion resonances involv-
ing either the whole swarm of bodies, or groups of protoplanets
within the swarm. These resonances were found to typically be
4:3, 5:4, 6:5 and 7:6. Those bodies that form resonant groups
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migrate inward in lockstep, eventually being accreted by the
central protostar in the absence of a stopping mechanism such
as a magnetospheric cavity.

There are some exceptions to this basic picture.
Occasionally (in ~ 2% of cases) a lone protoplanet will
be ejected to large radius in the protoplanetary disc, caus-
ing its lifetime within the disc to be lengthened substantially.
There are simulations which show short bursts of scattering
and strong interactions between the protoplanets as they ap-
proach the protostar within ~ 1 AU, but these systems quickly
settle down into a state of orderly inward migration again.
Overwhelmingly, however, the systems show large scale mi-
gration of the swarm into the star. The reasons for this are ba-
sically threefold:

(i). Eccentricity damping by the disc is simply too strong for
substantial eccentricities to be generated and maintained by
either close encounters or the majority of eccentricity-driving
mean motion resonances

(if). The formation of mean motion resonances, and the result-
ing tendency for protoplanets to migrate inward in lockstep,
means that close encounters between bodies occur rarely

(iii). Inelastic collisions between bodies provide a source of en-
ergy dissipation that reduces the tendency for strong scattering
to occur.

These results show that if multiple protoplanets form ap-
proximately coevally in the giant planet zone between 5 — 20
AU within a laminar disc with simple structure due to oli-
garchic growth (e.g. Kokubo & Ida 2000; Thommes et al.
2003), then the long-term evolution of that system will be col-
lective inward migration and eventual accretion by the proto-
star. This will occur on a time scale much shorter than that re-
quired for the cores of putative giant planets to accrete their
gaseous envelopes (e.g. Pollack et al. 1996; Papaloizou &
Nelson 2005). If protoplanetary discs do indeed have simple
density and temperature structure, and are non turbulent near
their midplane due to the low ionisation fraction there (e.g.
Gammie 1996; Fromang, Terquem & Balbus 2002; ligner &
Nelson 2005) then the question of how giant planets form via
the core accretion model remains. Recent work examining the
interaction of low mass protoplanets with fully turbulent discs
shows that a process of stochastic migration ensues, which may
help to overcome type | migration (Nelson & Papaloizou 2004;
Nelson 2005). It remains a possibility that the combination
of turbulent fluctuations and planet-planet interactions may be
even more effective in overcoming type | migration.

The frequency with which co-orbital planets in horseshoe
and tadpole orbits form in the simulations suggests that such
configurations may be observed, if they are able to survive
against type | migration. Whether such bodies could accrete
massive gaseous envelopes and survive as co-orbital giants is
not known. We note that Laughlin & Chambers (2002) have
suggested alternative scenarios for forming co-orbital planets.
One involves formation in situ. The other involves direct physi-
cal collision, leading to a binary planet that subsequently sepa-
rates and forms a trojan pair. We find co-orbitals form naturally
from existing bodies on initially distinct orbits due to close en-
counters during chaotic phases of evolution.

The models that we have presented here can be significantly
improved. Most important is the inclusion of the 3rd dimen-
sion in the simulations, as this will reduce the collision rate
between protoplanets, and may thus prolong the time during
which the protoplanets interact strongly. Preliminary 3D simu-
lations, however, indicate that the picture presented in this pa-
per does not alter radically. These three dimensional simula-
tions will be the subject of a forthcoming paper.
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